arXiv:1504.01353v2 [math.RT] 2 Nov 2015 


ON THE DEPTH r BERNSTEIN PROJECTOR 

ROMAN BEZRUKAVNIKOV, DAVID KAZHDAN, AND YAKOV VARSHAVSKY 


Abstract. In this paper we prove an explicit formula for the Bernstein projector 
to representations of depth < r. As a consequence, we show that the depth 
zero Bernstein projector is supported on topologically unipotent elements and it 
is equal to the restriction of the character of the Steinberg representation. As 
another application, we deduce that the depth r Bernstein projector is stable. 
Moreover, for integral depths our proof is purely local. 
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Introduction 

Let G be a reductive p-adic group. Recall that the Bernstein center Zq of G is 
a commutative ring which plays a role in representation theory of G similar to the 
role played by the center of the group ring in representation theory of a hnite group. 
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Elements of Zq can be thought of as invariant distributions on G. While the 
Bernstein center is an important tool in the structure theory of representations of 
G, known explicit formulas for its elements are rather rare. In this paper we provide 
explicit descriptions for some natural elements in 

Recall also that Zq admits a natural injective homomorphism into the ring of 
functions on the set Irr(G) of irreducible smooth representations. 

Fix a number r > 0 and consider the function fr on Irr(G) such that fr{V) = 1 
if the depth of R is < r, and fr{V) = 0 otherwise. The main results of this paper 
describe the element Ej. eZc for which the corresponding function on Irr(G) equals 
fr- We call Er the depth r projeetor. 

The first result (available only for r = 0) is an equality between Eq and the 
restriction of the character of the Steinberg representation to the locus of topolog¬ 
ically unipotent elements of G. This can be thought of as a p-adic group analogue 
of the well known fact that the character of the Steinberg representation of a hnite 
Chevalley group restricted to the set of unipotent elements is proportional to the 
delta function of the unit element. 

Let g* be the linear dual of the Lie algebra g of G. Our second result describes 
Er in terms of Fourier transform of the characteristic function of a certain subset of 
g*. This formula hts naturally into the standard analogy between harmonic analysis 
on the group G and on its Lie algebra g (notice that under this analogy elements 
of Zg correspond to invariant distributions on g whose Fourier transform is locally 
constant). 

As a corollary of our description we show that Er is a stable distribution. This 
property of Er is suggested by the conjectural theory of L-packets and its relation to 
endoscopy for invariant distributions. The set Irr(G) is conjectured to be partitioned 
into hnite subsets called L-packets; among many expected properties of L-packets 
we mention the following: an element E G Zg is a stable distribution if and only if 
the corresponding function on Irr(G) is constant on L-packets. It is also expected 
that the set of irreducible representations of a given depth is a union of L-packets, 
thus the above conjectures imply that Er is a stable distribution; we prove this fact 
unconditionally. 

This result also provides evidence for another conjecture which has the advantage 
of being a self-contained formal statement. The so called stable center conjecture 
asserts that the subspace of stable distributions in Zg is a subring. It follows from 
our results that the space of stable distributions in Zg does contain a subring: the 
linear span of the projectors Er (r > 0). 


This work is an outgrowth of a project described in [BKV] whose goal is to 
construct elements in ^G and more general invariant distributions of interest using 



ON THE DEPTH r BERNSTEIN PROJECTOR 


3 


/-adic sheaves on loop groups. Such a construction for Eg (for split groups in positive 
characteristic) was presented in [BKV]. 

Though /-adic sheaves are not used in the present paper, our main technical 
result, Theorem II .61 was suggested by [BKV]. Namely, the /-adic sheaf counterpart 
of Eg can be constructed by taking derived invariants of the affine Weyl group 
acting on the loop group version of the Springer sheaf. Moreover, using a standard 
resolution for the trivial representation of whose terms are indexed by standard 
parabolic subgroups therein, we get an explicit resolution for this sheaf. This leads 
to the formula for the corresponding function appearing in Theorem 11.61 

Our method was motivated by a work of Meyer-Solleveid |MSj , who generalized 
a work of Schneider-Stuhler [SB] • 

Acknowledgements. We thank Akshay Venkatesh whose question motivated 
us to rewrite a geometric formula from jBKVj in elementary terms. We also thank 
Gopal Prasad for stimulating conversations and Ju-Lee Kim and Allen Moy for 
useful discussions. We thank Dennis Gaitsgory and the referee for their comments 
and suggestions. 


1. Statement of results 

1.1. Notation, (a) Let F be a local non-archimedean held of residual characteristic 
p, E an algebraic closure of E, F“ C E the maximal unramihed extension of E inside 
E, and val^? the valuation on E such that va\F{E^) = Z. 

(b) Let G be a connected reductive group over E, G := G(F), and X = <T(G) 
be the reduced Bruhat-Tits building of G, viewed as a metric space, equipped with 
extra structure (see Ml- To every pair (x,r) G A x M>o, Moy-Prasad |MP11 IMP^ 
associate an open-compact subgroup Gx,r+ ^ G fsee 13.61) . 

1.2. Depth of a representation, (a) Let R{G) be the category of smooth complex 

representations of G, and let Irr(G) be the set of equivalence classes of irreducible 
objects of R{G). To each V E R(G), Moy-Prasad associate a depth r E Q>g, which 
is dehned to be the smallest r G M such that ^ 0 for some x E X. Actually, 

for our purposes slightly weaker results of DeBacker f JDBj ) are sufficient. 

(b) For every r G Q>o, we denote by Irr(G)<r (resp. Irr(G)>r) the set of 
V G Irr(G) of depth < r (resp. > r), and denote by R{G)<r (resp. R{G)^r) 
the full subcategory of R{G) consisting of representations V all of whose irreducible 
subquotients belong to Irr(G)<r (resp. Irr(G)>r). 

(c) It follows from a combination of results of Bernstein |Be] and Moy-Prasad 
(or DeBacker) that for every r E Q>o and V E R{G) there exists a unique direct 
sum decomposition V = V<r © such that V<r G R{G)<r and V^r G F(G)>r. We 
provide an alternative proof of this fact in 16.21 
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1.3. The Bernstein center, (a) Let Zq be the algebra of endomorphisms of the 
identity functor End Idij(G') • If is called the Bernstein center of G. In particular, for 
every ^ G Zq and V G R{G), we are given an endomorphism z\v & EndE. 

(b) Let 'H(G) be the algebra of smooth measures with compact support on G. 
Then 'H{G) is a smooth representation of G with respect to the left action, and the 
map z HA z\u{G) identifies Zq with the algebra End-^(G<)^-^(c)°p 'H(G) of endomor¬ 
phisms of 'H{G)^ commuting with the left and the right convolution. 

(c) For every V G R(G) and v G V the map h ha h{v) defines a G-equivariant map 
'H(G) —>■ V. Therefore for every h G R{G) and z ^ Zc'Vfe have z{h{v)) = {z{h)){v). 

(d) For every z & Zq there exists a unique invariant distribution G D^{G) on 
G such that z{h) = Ez * h for every h G R{G), where * denotes the convolution. 
Moreover, the map z ^ Ez identihes Zq with the space of E G D^{G) such that 
the distribution E *h has a compact support for every h G R{G). 

1.4. The Bernstein projector, (a) Bv ll.2f c). there exists an idempotent 11^ G Zq 
such that for every object V G R{G) the endomorphism n^ly is the projection 
V -» V<r ^ V- We call 11^ the Bernstein projector to the depth < r spectrum. 

(b) Let Er be the invariant distribution on G, corresponding to 11^ fsee ll.3f d)L 

A particular case of the stable center conjecture (see pcvj i asserts that the 
distribution E^. is stable. The goal of this work is to give an explicit formula for the 
Bernstein projector 11^, and to use this description to show the stability of Er. 
From now on we hx m G N and r G ^Z>o. 

1.5. Notation, (a) Denote by [X] the set of open polysimplices of X fsee I2.6f aj). 

and by [Xm] the set of open polysimplices of X, obtained by “subdividing of each 
polysimplex a G [X] into smaller polysimplices” (see I2.7f cj). 

(b) For every a G [Xm], we choose x G a and dehne Go-,r+ := Gx,r+- Since r G 
the subgroup Ga-,r+ does not depend on the choice of x (see Lemma 13.9p . 

(c) To every hnite subset S C [Xm] we associate an element 

= eW(G), 

where Sn . is the Haar measure on Go-r+ with total measure one. 

(d) We denote by 0^ the inductive set of non-empty hnite convex subcomplexes 
D C [Xm\ with respect to inclusions fsee 14.ip . and set 0 := 0i. 

The following result provides an explicit formula for the projector 11^. 

Theorem 1.6. For every V G R(G) and v eV , the inductive system {F^(u)}sge^ 
stabilizes, andliriv) equals the limit value of Ef{v), that is, nr(n) = limsge^ Ef{v). 
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1.7. Strategy of the proof. Analysing combinatorics of the Brnhat-Tits bnilding, 

we show that for every x E X and s G M>o the inductive system {E^ =t= 6g^ }sg 0 ^ 

stabilizes. This implies that the inductive system {E^ * stabilizes for all 

h G 'H(G), and that there exists a unique element of the Bernstein center z G Zq 
such that z{h) = limsge^ E^ * h. 

Next, using [T73f ch we show that for every V G R{G) and v E V, the inductive 
system {T^^(T)}sGem stabilizes, and z{v) = limsg©^ In particular, z\v = 0 

for every V E Irr(G')>r. 

It remains to show that z = Ur- By a theorem of Bernstein, we have to check 
that z\v = Id for every V E Irr(G)<r. Using [L3f cl again, it remains to show that 
^ for every x E X . To prove this, we show a stronger assertion that 
Ef * M j- for all E G ©m such that x G E. 

' x,r~^ x,v‘ 

1.8. Remark. Our argument also provides an alternative proof of the decomposi¬ 
tion V = V<r ® Vyr from ll.2T bh hence an alternative proof of the existence of the 
projector 11^ Isee I6.2p . 

Consider the open and closed subset Gr+ := ^x£xGx,r+ ® G (see Lemma 18.41 
or jADBl Cor 3.7.21]). Notice that Go+ is what is sometimes called the set of 
topologically unipotent elements. Theorem 11.61 has the following consequence. 

Corollary 1.9. (a) We have the equality Er = limsge^U^. In other words, 
for every f E Gf°{G) the inductive system stabilizes, and Er{f) = 

hmsee™h;^^(/). 

(b) The invariant distribution Er is supported on Gr+. 


As a further consequence, we get the following variant of the character formula 
of Meyer-Solleveld |MSj . 


Corollary 1.10. For every admissible V E R{G)<r and every h E R{G) we have 


Tr(h, V) = lim 

T.£0m 


Ef-l)"”" * h . ) 


res 


1.11. Averaging, (a) We £x an Iwahori subgroup I of G, and denote by Par 
the set of standard parahoric subgroups PHI. Each P E Par corresponds to a 
polysimplex cxp G [X]. We := G„p^n+ and P~^ := Pq. 

(b) For every hnite subset Y O G/P and every distribution E E D^{G) we denote 
by Avy{E) E D{G) the distribution ^^gy(Ad 5 f)*(P). 

(c) For every subset E C [X] and P E Par we denote by Yp C G/P the set of all 
g E G/P such that g{ap) E E. 

(d) We denote by the set of z E Zq such that z\v = 0 for every V E R{G)yn. 
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Note that for every n G N and z & Zq the measure z{6p+) G 'H(G) is AdP- 
invariant, thus we can form a distribution Avy{z{6p+)) G D{G) fsee ll.llf bA. 
Theorem 11.61 has the following consequence. 

Corollary 1.12. (a) For every element z G Zg and n eN we have the equality 

PgPar 

(b) For every z G Z^"', the support of is containedin Up^par AdG(Supp2;(5p+)). 

1.13. Notation. Let be the Haar measure on G normalized by = 1. 

Since the invariant distribution Eq is supported on Gq+ (by Corollary ll.bf bl). 
the following result describes Eq in terms of the character yst^ of the Steinberg 
representation Stc of G. 

Theorem 1.14. We have the equality Po|G(,+ = (xstGlGo+) ■ that is, Po(/) 
equals for every f G Cf’(Go+). 

To prove this result, we compare the explicit formula from Corollary 11.91 for Eq 
with a corresponding formula of Meyer-Solleveld |MS] for ystc • 

1.15. Remark. Notice that though our formula from Corollary 11.101 applies in a 
more general situation than a similar formula of Meyer-Solleveld |MSj . it is less 
precise. In particular, Corollary II. 101 does not suffice for the proof of Theorem 11.141 

Since the character of the Steinberg representation is known to be stable (see 
I8.3f b)). we deduce from Theorem 11.141 the following corollary. 

Corollary 1.16. The invariant distribution Eq is stable. 

1.17. The Moy—Prasad filtration for the Lie algebras, (a) Let 0 be the Lie 

algebra of G, and let 0 * be the dual vector space. For every (x, r) G A x M>o, 
Moy-Prasad define (P-lattices 0 a;,r+ ^ 0 and 0 *__r P 0 * fsee I3.6l bl). 

(b) As in the group case, for every a G [Xm] we define Qa,r+ '■= dx,r+ for x G cr 
(use Lemma [3.9p . Also to every S C 0^ we associate an element 

:= e W(s). 

(tGE 

Here 7^(0) denotes the space of smooth measures with compact support on 0 , and 
is the Haar measure on 0 a-,r+ with total measure one. 

(c) Consider the open-closed subsets 0 ,.+ := Ux£xQx,r+ ^ 0 and 0 ^^ := -r ^ 

0 * (see Lemma l 8 ^ or |ADB1 Cor 3.4.3]), and denote by Ig^^ the characteristic func¬ 
tion of 0 l^. 


Ez * E„ = lim 
See 
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1.18. The Fourier transform, (a) Let O C F he the ring of integers, lei w & O 

be a uniformizer, and let "0 : F —)■ be an additive character, trivial on {vu) but 

nontrivial on O. Then -0 gives rise to a Fourier transform F ; —)■ 

where 'H(g*) denotes the space of smooth measures with compact support on g*. 
Explicitly, F{h){a) = '0((-, o))h for every h G 'H(g*) and a G g. 

(b) By duality, F gives rise to an isomorphism F : D^{q) ^ C^{q*) between the 
space of invariant distributions on g and the space of invariant generalized functions 
on g*. Explicitly, F{E){h) = E{F{h)) for every E G D^{q) and h G T-L^q*). 

1.19. The Lie algebra analogue of the center. (a) We denote by C 

the subspace of all E such that the distribution E * h has compact support for 
every h G 'H(g). Equivalently, E G -D'^(g) belongs to if and only if the Fourier 
transform F{E) G C"^(g) is locally constant. 

(b) We set £r := ^ -D'^(g), and call £r the Lie algebra analogue of the 

depth r projector. Since gl^ C g* is open and closed, the function is locally 
constant, thus £r E Zg. 

The following result is the Lie algebra analogue of Corollary II.91 

Proposition 1.20. For every f G C'^(g) the inductive system stabi¬ 

lizes, and £r{f) = limsge^ ^^(/)- particular, £r is supported on gr+. 

1.21. An r-logarithm. By an r-logarithm we mean an Ad G-equivariant homeo- 
morphism C : Gr+ ^ gr+, which induces a homeomorphism '■ Gx,r+ ^ gx,r+ for 
all X G A. 

Corollary 1.22. Let C : Gr+ ^ Qr+ be an r-logarithm. Then the pushforward 
C\{Et.\g+) eguals£r\Q^. 

By a theorem of Waldspurger, the Fourier transform preserves stability (see [W^ 
or EEI), therefore Corollary 11.221 easily implies that is stable if G admits an 
r-logarithm (see Corollary 18.71) . Moreover, extending the theory of quasi-logarithms, 
introduced in [K V Ij . we show the following result. 

Theorem 1.23. Assume that p is very good for G (see \8.9i] . Then the invariant 
distribution Er is stable. 

1.24. Remarks, (a) If F is of characteristic zero, one can show that Er is stable if 
p is good (see 18.91 and 18.141) . In particular, in this case Er is stable if p > 5. 

(b) Notice that since the proof of a theorem of Waldspurger is global, for a general 
r our proof of the stability of Er is global. On the other hand, when r G N, we can 
deduce the stability of Er from that of Eq fsee l8.8l c)L thus providing a purely local 
proof in this case. 
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(c) Allen Moy has informed us that he has independently conjectured Corollary 
11.221 ffor integral r and helds of characteristic zero), found a proof for G = SL 2 and 
discovered its relation to the stability of the Bernstein projectors. 

1.25. Plan of the paper. The paper is organized as follows. In Section 2 we 
review basic properties of the Bruhat-Tits buildings and then present in detail the 
construction in the split case. In Section 3 we recall the construction and basic 
properties of the Moy-Prasad hltrations, first in the split case and then in general. 
In order to make our presentation more elementary, we do not use Neron models. 

In Sections 4-5 we prove the stabilization assertion needed for Theorem 1 1.6 1 Then, 
in Section 6, we complete the proof of Theorem 11.61 deduce Corollaries 11.91 ITTTO] and 
11.121 and prove the Lie algebra analogues fProposition 11.201 and Corollary 1 1.22 p . 

In Section 7 we compare the projector to depth zero with the character of the 
Steinberg representation iTheorem ll.ldp . Finally, in Section 8, we show the stability 
of the projector (Corollary [LT6] and Theorem II. 23p . 

In appendices we prove several assertions, stated in the main part of the paper 
without proofs. Namely, in Appendix A we provide details on various properties of 
the Moy-Prasad hltrations, well-known to specialists, formulated in Section 3. In 
Appendix B we study congruence subsets, used in Section 8. 

Finally, in Appendix C we review the theory of the quasi-logarithms introduced 
in [KVll IKV2] and deduce the existence of r-logarithms. This is used in the proof 
of Theorem 11.231 and has other applications as well. 

1.26. General case versus split case. The constructions of the Bruhat-Tits 
buldings and the Moy-Prasad hltrations are much more transparent when G is split. 
On the other hand, once Bruhat-Tits buldings and the Moy-Prasad hltrations are 
constructed and their properties are established, the argument in the general case 
is identical to the split one. 


2. The Bruhat-Tits buildings 


In this section we formulate basic properties of the Bruhat-Tits buildings 
[BTTlfBT^ 


,see 


and then review the construction in the case when G is split. 


2.1. The Bruhat-Tits buildiug. Let G'^'^ be the adjoint group of G. 

(a) For every maximal split torus S C G, we denote by Sc^d the corresponding 
maximal split torus of G^*^ and consider the M-vector space Vg,s := X*(SGad) <8)zIP- 
We equip each Vg,s with a IF(G, S)-invariant inner product such that for every 
g E G the induced map Adg : Vg,s ^ VG,gSg-^ is orthogonal. 

(b) We denote by Ms = Mg,s the “canonical” affine space under Vg,s (see 12.91 
below in the split case and [Til 1-2] or |Lal 1.9], in general). We equip each Ms 
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with a metric induced by the inner form on Vg,s, chosen in (a), is called the 
apartment corresponding to S. 

(c) The (reduced) Bruhat-Tits building X = X{G) of G is a G-equivariant metric 
space X = X{G), equipped with a decomposition X = Us^s info a union of 
apartments, parametrized by maximal split tori. In particular, each inclusion ^ 
X is distance-preserving. 

2.2. Remarks, (a) X{G) depends only on the adjoint group 

(b) If G = n. G„ then X{G) is the product Y\iX{Gi). In particular, study of 
X{G) often reduces to the case when G is simple and adjoint. 

(c) If G is simple, then a metric on X [G) is uniquely dehned up to a multiplication 
by a scalar. 

2.3. The afRne root subgroups. Let S C G be a maximal split torus. 

(a) For every root a G <I)(G,S), we denote by Uq, C g the corresponding root 

subspace. We also denote by Uq, C G the corresponding root subgroup (see |Bo21 
21.9]), and set Ua ■= Uq(F). By dehnition, Uq, is a connected unipotent group, 
whose Lie algebra is Uq © U 2 q. There exists a canonical isomorphism Ua/U 2 a ^ Ua, 
hence a canonical surjection '■ ^ Ua- 

Note that if G is split, then both U 2 a and U 2 q are trivial, thus La is an isomorphism. 

(b) Let A := .As be the apartment, corresponding to S. We denote by T(A.) the 
set of affine roots (see [Tii 1.6]). Each -0 G T(A.) is an affine function of A., whose 
vector part a = E (Vg,s)* belongs to d’(A) := d’(G, S). 

(c) We denote by C Ua the affine root subgroup corresponding to 'ip (see m 
1.4]), and we set := iaiU^) C Uq. Then C Uq is an G-submodule fsee IA.8f a)]l. 

2.4. Properties of buildings. The following standard properties of the Bruhat- 
Tits building X will be used later. 

(a) Every pair of points x,y E X belong to an apartment (see |Lal Prop. 13.12]). 

(b) For every two apartments A, A' C T there exists a distance preserving iso¬ 
morphism of affine spaces A A A', which is the identity on A fl A' and induces a 
bijection 4/(A') A T(A) between the sets of affine roots (see |Lal Prop 13.6]). 

(c) For every two points x,y E X there exists a unique geodesic [x,y] C X. 
Moreover, [x, y] is a geodesic in A for every apartment A3 x,y (by (b)). 

2.5. Base change. For a finite Galois extension K/F, we denote by Gk the base 

change of G from F to K. Then the building X{Gk) is equipped with an action 
of the Galois group Gal{K/F), and we have a natural G-equivariant embedding 
X{G) ^ Moreover, the latter inclusion is an isomorphism if K/F 

is unramified. We denote the image of x G X{G) in X{Gk) simply by x. 
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2.6. The polysimplicial decomposition, (a) The Bruhat-Tits building X is 
equipped with a decomposition into a disjoint union of (open) polysimplices, that 
is, products of simplices (see (b) below). Moreover, each apartment M C T is a 
union of polysimplices. We denote by [X] (resp. [M]) the set of polysimplices in X 
(resp. A). 

(b) More precisely, two points x,y E A belong to a polysimplex if and only if for 
every G T(M) we have 'ip{x) >0 if and only if 'ip{y) > 0, while two points x,y E X 
belong to a polysimplex if and only if they belong to a polysimplex in A for some 
apartment A containing x and y fsee I2.4f a)h 

(c) By property 12.4f bh if two points x,y E X belong to a polysimplex, then they 
belong to a polysimplex in A for every apartment A containing x and y. 

(d) It follows from 12.di al that every pair of polysimplices a,T E [X] are contained 
in an apartment. 

2.7. The refined afhne roots. Let A C X he an apartment and m eN. 

(a) For every -0 G T(M) there exists G Z>o such that the set of xjj' G d'(M), 
whose vector part is equals -0 + ^2 fsee lA.Sf ci). In particular, we have '^ + Z C 
^/(M) for every ip E ^'(.A). Note that if G is split, then = 1 for all ip (see 12. 8 f a)). 

(b) We denote by \bm(A.) the set of afhne functions on A of the form where 

Ip E T(M) and k E Z. In particular, ^^(A,) PP t['(A.), and for every ip E ^^(A.), we 
have V’ + C ^^(M). 

(c) For m G N, we denote by [Xm] (resp. [Mm]) the set of polysimplices in X (resp. 
M), obtained by the same procedure as in I2.6f b). but replacing T(M) by \I'm(M). 
Alternatively, polysimplices in [Am] (resp. [Am\) are obtained by a subdivision of 
each polysimplex a E [X] (resp. a E [M]) into 777 ,^™*^ smaller polysimplices. 

For convenience of the reader, we now recall the construction of the building X [G) 
when G is split. Replacing G by G®^*^ and decomposing G into a product of simple 
factors we can assume that G is simple and adjoint (see I2.2f a).(b)j. 

2.8. Notation. Let S C G be a maximal split torus. 

(a) Consider the vector space Vg,s := W*(S) ( 8 )z IF- Dehne the set \['(G,S) of 
affine roots as the set of afhne functions on Vg,s of the form ipa^k '■= a + k where 
a E ‘h(G, S) and k E h. Note that the lattice W*(S) acts on Vg,s by translations, 
and this action stabilizes the set T(G, S) of afhne roots. 

(b) The adjoint action of S on g dehnes a decomposition g = Uq © (®aG#(G,s)U'«) 
into a direct sum of generalized eigenspaces, where Uq = LieS. Also for every 
a E ^(G, S) we have a canonical isomorphism ia ■ Ua ^ u^. 

(c) Since S is a split torus, it has a natural structure © over O. By an O-structure 
of (g, S), we mean an O-lattice £ C g of the form C = Lie 0 for some split reductive 
group scheme 0 over O containing ©, whose generic hber is G. 
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Note that O-structures of (g, S) exist. Moreover, any (9-structure £ has a decom¬ 
position £ = £o © (©«e'i>{G,s)'^a); where £„ C Uq is an (9-lattice, and £o = Lie©. 

(d) To every (9-structure £ of (g, S) and every affine root -0 = ipa,k £ ^^(G, S), we 

associate an (9-lattice ■= and a subgroup © Ua- 

(e) Let £ and £' be two (9-structures of (g, S). Since G is adjoint, there exists 
an element s G S(F) such that Ads(£) = £'. We denote by A = Xc,c' the image 
of s in X*(S) = S(F)/S((9). Then A only depends on a pair (£,£') and can 
be characterised as a unique element of X*(S) such that Ux*{^)c = c for all 
V'eT(G,S). 

2.9. The apartment Ms (compare |TT1 1.1]). (a) We denote by Ms the limit 
lim£ Vg,s 5 where £ runs over the set of all (9-structures of (g, S), and the transition 
maps are the isomorphisms Xc,c' (see l2.8f e)L By construction, Ms is an affine space 
under Vg,s- Moreover, Ms is equipped with a metric, and we are given an affine 
distance preserving isomorphism cpc : Ms ^ Vg,s for every (9-structure £. 

(b) By construction, Ms is equipped with a set of affine roots T(Ms) such that 

flf(Als) = ££('I^(G,S)) for every (9-structure £. Moreover, for every affine root 
"0 G T(Ms) with linear part a G $(G,S) we are given a subgroup © Ua such 
that © Ua for every (9-structure £. 

(c) For every x G Ms we denote by (j^, © (9 the subgroup generated by S((9) and 
all the affine root subgroups U^, taken over all i/’ such that i/’(a:) > 0. It is called 
the parahoric subgroup, corresponding to x. 

2.10. The simplicial decomposition of Ms- (a) As in I2.6l b). the affine roots 
'l/(Ms) decompose Ms into simplices thus giving to Ms a structure of a simplicial 
complex. (This is the only place, where the assumption that G is simple is used). 

(b) Let X G Ms, and let cr be a simplex of Ms containing x. Then x can be written 
uniquely as a convex linear combination x = CjXj, where Xi runs through the set 
of all vertices of a (see 14. If cl) , 0 < Ci < 1 for all i and Yhi Q = 1- 

2.11. The Bruhat—Tits building. (a) S, S' © G be maximal split tori, and let 
X G Ms and x' G As' be vertices. We say that x ~ x', if the corresponding parahoric 
subgroups (see 13.71( c) 1 are equal, that is, Gx = Gx'- 

(b) Let S and S' be as in (a), and let x G Ms and x' G Ms' be arbitrary. We say 
that a; ~ x', if (after permutation of vertices) the convex combinations x = qx* 
and x' = Yhi horn I2.10lf bj satisfy x, ~ x' and c' = q for all i. Clearly, ~ is an 
equivalence relation. 

(c) The (reduced) Bruhat-Tits building of G is the quotient of the disjoint union 
of apartments UsMs by the equivalence relation ~ dehned in (b). 
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3. The Moy-Prasad filtrations 

In this section we review the construction and basic properties of the Moy-Prasad 
filtrations (see |MP1( IMP2] ) first in the split case, and then in general. 

3.1. Filtrations for split tori. Let T be a split torus, t := LieT, and r G M>o. 

(a) We denote by C T the subgroup of alH G T such that v3lp{X{t) — 1) > r 
for every character A of T. Similarly, we denote by T ^ t the (P-module of all a G t 
such that vali7’((iA(a)) > r for every A. 

(b) Note that T has a natural structure over O, and Tq = T{0) C T is the 

maximal compact subgroup. Moreover, let n := [r] be the integral part of r. Then 
Tr is the kernel of the reduction map T{0) T{0/{vjY). Similarly, to = t(C>), 

and tr is the kernel of the reduction map t{0) —?■ i{OI{wY). 

3.2. The Moy—Prasad filtrations for split groups. Assume that G is split. 

Fix X E X and r > 0. Choose an apartment M C T containing x, let S C G be the 
corresponding maximal split torus, and set T := Zg(S) be the centralizer. 

(a) Then T = S, and the Moy-Prasad subgroup Gx,r T G is defined to be the 

subgroup, generated by Tr and the affine root subgroups where ip runs over all 

elements of tI/(Al) such that '0(x) > r. Next, we denote by ^ 0 the (P-submodule, 

spanned by T and for all ip G tI/(Al) with tpl^x) > r. 

(b) Using property I2.4f b) of the Bruhat-Tits buildings, one can show that both 
Gx,r and Qx,r do not depend on a choice A. 

(c) We set Gxp+ • t}g^rGx,si and Qx,r+ ■ Clearly, Gxp+ Gxp' and 

0 a:,r+ = Qx,r' for some v' > r. We also denote by 0 * C g* the (P-submodule, 
consisting of all 6 G g* such that {b, a) G {w) for every a G 0x,r+- 

3.3. Parahoric subgroups, (a) Let G®'^ be the simply connected covering of the 

derived group of G, and let l : G®*^ —)■ G be the natural homomorphism, and let 
T C G be a maximal split torus. Then G'^ := Tq • C G is a normal subgroup 

of G, independent of T. 

(b) By definition, for every x E X the subgroup Gx ■= Gxfl is the parahoric 
subgroup corresponding to x. It can be shown (see, for example, HE]) that Gx 
equals the stabilizer StabG'o(x) of x in G°. 

Next we define the Moy-Prasad filtration in general. 

3.4. The Moy—Prasad filtratiou for tori. Let T be a torus over F. 

(a) Let Pnr := Gal(F/F”). We let wt : T(F“) ^ A:*(T)r„, be the homomor¬ 
phism, constructed by Kottwitz (see |Kol Section 7]), and set Tq := T fl Kertcx- 
Note that this definition coincides with that from 13. If bl when T is split. 
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(b) Let F'/F be the splitting field of T, and let e be the ramification degree of 
F'/F. We set T' ;= Tp/, t := LieT, and t' := LieT'. Since T' is split, the Moy- 
Prasad subgroups (resp. sublattices) of T' (resp t') are defined (see ld.ip . and we set 
Tr := T'^ n To and fi. := n t. 

3.5. Remark. Alternatively, Tq FT can be defined as a group of (P-points of the 
connected Neron model of T (see ra). 

3.6. The Moy—Prasad filtrations in general. Let t, r, A and S be as in 13.21 

(a) Assume that G is quasi-split. Then T := Zg(S) is a maximal torus of G, 
and we define the subgroup Gx,r ^ G and the (P-submodule Qx,r ^ fl by the same 
formula as in the split case (see I3.2p except that and L are defined in 13.41 instead 
of 13.11 and t/p and are defined in I2.3f ci instead of I2.9r b). As in the split case, 
both Gx,r and Qx,r do not depend on a choice A. 

(b) For an arbitrary G, let F'/F be a finite unramified extension of minimal 
degree such that G' := Gi?As quasi-split (see Lemma lA.2p . and set Gxp '■= 

and gx,r ■= hi 0- 

(c) We define Gxp+, gx,r+ and g*x-r as in l3.2f cL Then Gxp+ h Gx,r is a normal 
subgroup. 

3.7. Subgroup G^ F G and parahoric subgroups. 

(a) If G is quasi-split, we define to be Tq • as in I3.3f a). where and 

t are as in 13.31 and T = Zg(S) be as in l3.6f aL Again, it is a normal subgroup, 
independent of S. In general, we consider the unramified extension F'/F as in 
l3.6l bL Then (G')° C G' is defined, and we set G° := G fl (G')°. 

(b) As in the split case, each Gx '■= Gxfl equals StabG'o(x) (see [HR ] ). It is called 
the parahoric subgroup, corresponding to x. 

3.8. Remarks, (a) Let F^/F be a finite unramified extension, set F^ := GaI(T^/T) 
and G^ := Gp\,. Then we have the equality Gx,r = (G^^)'" . Indeed, for r = 0, this 
follows from l3.7T bi. while for r > 0 this follows from lA.Tf ei and Lemma fA.Qf bL 

(b) Formally speaking, our definition Gx,r and gxp slightly differs from that of 
Moy-Prasad. However, the two definitions are equivalent. For example, the equiv¬ 
alence for Gx,r follows from (a), while the equivalence for can be shown by the 
same argument as in lA.Sf ah 

(c) It can be shown that every g^,C g is a Lie subalgebra over O, but we are not 
going to use this fact. 

(d) The subgroup G° C G of l3.7r a) can be also defined as the subgroup, generated 
by all parahoric subgroups. Alternatively, G° can be described a kernel of the 
Kottwitz homomorphism wq, (constructed in |Kol Section 7]). 


The following property of the Moy-Prasad filtrations was used in 11.51 and 11.171 
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Lemma 3.9. For every a G [A’m], x,y ^ a and r G we have equalities Gx,r = 

Gy^rp+ j Qx^r 9?/;^ and Qx^r^ 9y,r^ ■ 

Proof. Replacing F by a finite unramified extension, if necessary, we may assnme 
that G is qnasi-split. Choose an apartment a. Then we have to show that for 
every G T(^), we have 'ip{x) > r (resp. '0(x) > r) if and only if '0(i/) > r (resp. 
f^iy) > r). Since %Ij — r ^ Isee 12 .Ti bi), this follows from the definition of the 

refined decomposition fsee I2.7l ci). □ 

3.10. Notation. Let S C G be a maximal split torns. Then M := Zg(S) is a 
minimal Levi snbgronp of G, thus is anisotropic, hence the building T:’(M) is 
a single point {xm}- We set m := LieM and define Mr := Mx^^r and tUr := 


The following basic property of the Moy-Prasad filtrations follows from definitions 
when G is quasi-split, and it follows from Galois descent fsee lA.l^ in general. 


Proposition 3.11. Let S and M he as in \3.11A set A := A,s, and choose x & A 
and r G M>o. 

(a) The subgroup Gx,r (resp. Gx,r+) of G is generated by Mr and the affine root 
subgroups where runs over all elements o/\h(A.) such that ip{x) > r (resp. 
f){x) > r). 

(b) The O-module Qx,r (resp. Qx,r+) of q is spanned by and the O-submodules 
u^, where tjj runs over all elements o/\h(A,) such that f){x) > r (resp. fj^x) > r). 


Lemma 3.12. For every g 
subset X{g,r) (resp. X{a,r) 
g G Gx,r (resp. a G Qx,r, resp. b G Q*x-r) convex (see\4.1\(b)). 


G G (resp. a G 0 , resp. b G Q*) and r G M>o the 
, resp. X{b,r)) of X, consisting of all x G X such that 


3.13. Proof of the Lemma. Here we only show the convexity of X{g, 0) and X{h, r), 
while the remaining assertions will be proven in IA.13I 

We have to show that for every x,y & X, z & [x, y] and r G M>o, we have inclusions 
GxFGy F Gz and Qx-r C Q*y-r — 02 ,-r- Choose an apartment Ain X containing x 
and y. 

Bv l3.7l bL the inclusion GxC) Gy F Gz can be rewritten in the form StabGo(a:) fl 
StabGo(|/) C StabGo( 2 ;). Thus it suffices to show that for every g E G, the set of 
fixed points X^ is convex. But this follows from the fact that the action of G on A 
is distance preserving and geodesics are unique. 

Next, to show the inclusion 0 * H 0 y^_r ^ 02 ,-r; A remains to show the inclusion 
02 ,r+ ^ Qx,r+ + Qy,r+- By definition 0 ^ ,.+ is spanned by mr+ and u^, where -0 runs 
over all elements of d'(A.) such that '4){z) > r, and similarly for x and y. Thus we 
have to show that for every 0 G T(A.) satisfying 0(z) > r, we have 0(a:) > r or 
0(l/) > r. But this follows again from the assumption z E[x,y]. □ 

















ON THE DEPTH r BERNSTEIN PROJECTOR 


15 


The following result, whose proof will be given in IA.14| is a (slightly corrected) 
version of [Adi Prop 1.4.1], It implies that in almost all cases, questions about Moy- 
Prasad hltrations can be reduced to the split case. First we introduce a notation. 

3.14. “Bad” groups. We say that G is “bad”, if p = 2, and has a factor 
Ri^/i?nr PU 2 n+i- Here R denotes the Weil restriction of scalars, and PU 2 n+i denotes 
the adjoint unitary group. 

Lemma 3.15. Assume that G is not “had”. Let /F he a finite Galois extension 
of ramification degree e. Set G*' := Gpt,, and 0 ^ := Lie G^ Then for every x & X 
and r G M>o we have equalities fl and Qx,r = 0 F 0^ ^g. 

4. Stabilization 

4.1. Notation, (a) We dehne a partial order on [Xm] by requiring that a' ^ a, if 
a' is contained in the closure cl((j) of a. In this case, we say that a' is a face of a. 

(b) We say that S C [Xm\ is a suhcomplex, if the union |S| := Uo-es<T C A is 
closed. Furthermore, we say that S is convex, if |E| is convex, that is, for every 
x,y G |E| the geodesic [x,y] in X is also contained in |E|. 

(c) By a chamber (resp. vertex) of X^, we mean a polysimplex a G [AA] of 
maximal dimension (resp. dimension zero). We denote the set of vertices of X^ by 
V{Xm) and will not distinguish between a vertex x G V(Xm) and the corresponding 
point of X. We say that x G V{Xm) is a vertex of a G [X^] if x ^ a. 

(d) Let ^ C A be an apartment, G ^rn{,-A) and a G [Am\- We say that 

> 0 , if fi{y) > 0 for every y E a. Similarly, we define = 0 , > 0 , etc. 

4.2. Notation, (a) Let ^ C A be an apartment, and a G [Am\ a chamber. Denote 
by A^((j) the set of -0 G ^rn{,A) such that > 0 , and filya') = 0 for some face 
a' -< a of codimension one. We call elements of A^(cr) simple affine roots, relative 
to a. 

(b) For X G V(Xm) and s G M>o, we denote by the set of all chambers 
a G [Xm] such that for every apartment .4, C A containing a and x and every 
fj G A_ 4 (cr) we have fi{x) < s. 

4.3. Remark. By I2.4f b). a chamber a G [A^j belongs to provided that 
fi{x) < s for some apartment A^ a, x and every G A_ 4 ((j). 

The following lemma will be proven in 15.11 below. 

Lemma 4.4. For every s G M>o and x E V(Xm), the set Tx,s is finite, and = 0. 

4.5. The SL 2 -case. Let G = SL 2 , and normalize the metric on A (see O and 
l2.2f cH such that every chamber a E [A^j has diameter one. 
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Then a G if and only if a is contained in the ball B{x, s) with center x and 
radius s. In particular, in this case remark and Lemma [4.41 are immediate. 


4.6. The basic subcomplex. Fix a' G [T^], x G V{Xm) and s G M>o, and choose 
an apartment A X containing a',x (see I2.6f d)). We denote by rs((T',a;) C [Xm\ 
the subcomplex consisting of all a G [Am] such that for every tf] G satisfying 

< 0 and tfj^x) < s, we have ^ 0- 


4.7. Remarks, (a) By I2.4f b). the subcomplex rs(cr',x) does not depend on the 
choice of A. Namely, this follows from the fact that an isomorphism .4, ^ .4,' from 
I2.4r bi induces a bijection \hm(.4') -4- '^m{,A) on refined affine roots. 

(b) Note that ro(a',a;) is the smallest convex subcomplex of [44] containing a' 
and X. This subcomplex was studied in |MS] . 

(c) By definition, the complex rs(a',a;) is convex, and rs(cr',x) C ro(cr',a;). 

(d) For every a G Fs(a',a;) and a" G Fs((j, x), we have a” G Fs(cr',x). 


4.8. The SLa -case. In the situation 14.51 let a' = y he a. vertex, and a G [4^] be a 
chamber. Then a G Fo(cr',x) if and only if a C [y,x\. More generally, a G Fs(cr',x) 
if and only if a C [y, x] and a ^ B{x,s). 


The complex Fs((j',a;) is important to us because of the following fact. 


Lemma 4.9. Let a, a' G [Am], x G V{Xm) and r,s ^ m^>o 
a G F 5 (cT',a:). Then we have the equality (r.+s)+ ~ ^ 


such that a' < a and 

^a',r+ * ^^x,(r + s)+ ' 


Proof. By definition, (.+»)+ pushforward of ^(g,,,+ xg, under 

the multiplication map G xG ^ G. Therefore Sg + *^g ^ can be characterized 
as a unique Go-,r+ x Ga;,(r+s)+-invariant measure on G, supported on Ga-,r+ • Gx,(r+s}+ 
with total measure one. This also holds with a replaced by a'. 

Since a' ^ a, we have Gcr',r+ 4 G( 7 ,r+- Therefore it suffices to check the equality 


of sets Gn 


G 


a;,(r+s)^ 


= a 


Gx,(s+r)+, or, equivalently, the inclusion 


(4.1) G fjj.+ — ■ i,G a,r+ F|G3;P^5)+). 

Choose an apartment A = Ms 4 4 containing a and x. It follows from the 
definition of the Moy-Prasad subgroups in the split case and from Proposition 13.111 
in general that the subgroup Go-,r+ is generated by Mr+ and the affine root subgroups 
U.ip, where runs over elements of 'L(M) such that '^(cr) > r. The same also holds 
for Gfj!,/.+ and Gx^(r+s)r • 

Since G^i^r+ 4 G^^r+ 4 G^^r 4 G^j'^r, and G„i 4 G„i^r is a normal subgroup, the 
right hand side of fl4.ip is a group. Thus it suffices to show that for every 4 £ ^(M) 
satisfying fj^a) > r, we have 'ipi^cr') > r or ^plx) > r + s. 
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For every -0 G we have — r E (see 12.71( b)). Replacing i/’ by '0 — r, 

it suffices to show that for every i/; G \E'm(‘^) satisfying > 0, we have > s 
or '0(<J'O > Oi which is equivalent to the assumption a G rs(cr',x). □ 

The following result (and its proof) is a generalization of [MS( Lem. 2.8, 2.9], 
where the case s = 0 is studied. It will be proved in section 15.31 below. 

Lemma 4.10. Let x G V{Xm), s G M>o and a G [Xm]- 

(a) There exists a unique minimal face a' = mx,s{ar) of a such that a G rs(cr',a:). 

(b) There exists a unique maximal polysimplex a" G rs(cr',a;) such that a' ^ a”. 

4.11. Notation. For x G V(Xm) and s G M>o, we denote by ■ [Xm\ — t [X^] 
the map dehned in Lemma [4.1 Of a). It is idempotent bv l4.7f d). 

4.12. The SL 2 -case. Assume that we are in the situation 14.51 

(a) Let a G [Am\ be a chamber. Using the description of 14.81 one sees that 
y := mxfl{cr) is the unique vertex of a such that a C [x,y]. Moreover, mx,s{o') = y 
if d{x,y) > s, and mx^sicr) = a otherwise. 

(b) Let a' = y he a. vertex. Then a” is the unique chamber a C [x, y] such that 
1 / ^ cr if d{x, y) > s, and cr" = a' otherwise. 

The following lemma will be proved in section 15.41 below. 


Lemma 4.13. Let x, s, a, a' and a" be as in Lemma \f.l(^ and let r G [Xm]- 

(a) We have cr' ^ r ^ a" if and only if mx^sij) = cr'. 

(b) Let S, S' G ©m (see \l.[X d)) be such that x G S' C S and cr G S \ S'. Then 
for every r satisfying cr' ^ r ^ cr" we have r G S \ S'. 

(c) In the situation of (b) assume that S' 'D Tx^s- Then cr" ^ cr'. 


Now we are ready to prove our main stabilization result. 


Proposition 4.14. (a) Let x G V(Xm), r,s E and S, S' G ©m be such that 

X G S', S' C S and Tx^s ^ and let Ef be as in \1.5\f c). Then we have the equality 


' a:,(r’ + s)^ 


= E^' * 5 , 


^x,(r-f-s)+ * 


(b) For every r E — Z>o, S G ©m and a E T, we have Ef * 5 g + = 5g 


Proof, (a) Setting S" := S\S', our assertion can be rewritten as Ef” (r+s)+ ~ 
Let mx^s be as in I4.11[ and dehne an equivalence relation on S" by the requiring 
that (Ti ~ (72 if and only if mx^si^'i) = mx^s{.a^ 2 )- For every cr G S", we denote by 
S" C S" the equivalence class of cr. Then S" decomposes as a disjoint union of the 
S"’s, thus it suffices to show that Ex’" * 5 g , ., = 0 for every cr G S". 
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By Lemma [4.9[ for every r G [Xm] we have 



* 5g 

X. 


(r+a) + 


'~'mx,s(T),r+ '-'a:,(r+s) + 


Since every r G E" satisfies mx^sir) = mx,s(o'), we have 



* (5g 


x,(r+s) + 







* <^0,,(.+.)+)■ 


Thus it remains to show that ~ 0. 

Let a', cr" G [X^] be as in Lemma l4.10[ By Lemma ft.lSf ai.fb). the equivalence 
class E" C E" consists of all r such that a' < a". Thus the sum 
equals Xlr latter expression vanishes, because o" ^ o' (by 

Lemma I4.i3f c) ). 

(b) Choose x G V(Xm) such that x ^ a. Then Gx,r+ ^ G'cr,r+, hence we have 
Sg , * (5g ^ = <^g • Thus it suffices to show that * 6g , = (5g ^ • 

x,r~r- cr,r“h CT,r"r ' x,r~^ x,r~r- 

Since T 3 ;^o is empty (by Lemma 14.41) . the subcomplex E' := {x} satishes the 
assumptions of (a) with s = 0. Thus we have 


E'^ *5g * <5g . = 5, 




* 5i 




= 5, 


^X,T'+ ’ 


and the proof is complete. 


□ 


5. Combinatorics of the building 

In this section we prove Lemmas 14.4114.1(11 and l4T^ Replacing G by we can 
assume that G is adjoint. 

5.1. Proof of Lemma \4-4\ Fix a chamber a G [A’m] and an apartment A containing 
o and X. Decomposing G and <T(G) into a product, if necessary, we may assume 
that G is simple. Then there exist positive numbers such that the 

affine function is 1- Indeed, this is standard for m = 1, and the general 

case follows from it. Since in the linear combination JZip&AaP) = 1 > 0, we 

have > 0 for all -0, there exists -0 G A^(cr) such that fj^x) > 0. Hence o ^ Ta,^o- 
Since o was arbitrary, we conclude that T^. o = 0. 

Note that the parahoric subgroup Gx acts transitively on the set of apartments 
containing x, the set is Ga,-invariant, and the complex X is locally hnite. There¬ 
fore we can £x an apartment A = .As 9 x, and it suffices to show that the intersection 
[Am] n is hnite. 

For every a chamber o G [Am\ H Ta;^^, every i/ G cr and every 0 G Ayi((T) we have 
'if{x)<s and 'ip{y) > 0. Then the difference x — y E Vg,s satishes a^{x — y) < s 
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(see I2.3r b)) for all -0 G A^(cr). From this we conclude that x — y lies in a bounded 
set, thus the intersection [Am] H is hnite. □ 

Lemma fd.lUf al will be deduced from the following more precise result. 

Lemma 5.2. Fix x G V{Xm), s G M>o, <J G [Xm], and let AF X he an apartment, 
containing x and a. 

(a) Then there exists a chamber a G [Am\ such that a F a and for every i/’ G 
A^(a) with = 0, we have f){x) > 0. 

(b) Assume that cr ^ x, and G is simple. Then there exists a unique minimal face 

o' of a such that a G Moreover, o' is characterized by the condition that 

for every ip G A_a(o) we have f){o') = 0 i/ and only if fj^o) = 0 or f){x) > s. 

Proof, (a) Choose a point y E o, and a chamber o G [.4.^] such that o F o and 
cl(a) n {y,x] 7 ^ 0. We claim that this chamber satisfies the required property. 
Indeed, let ip G ^m{,A) be such that 'ip{o) = 0 and pj^x) < 0. Then 'ip{y) = 0, thus 
4’\(y,x] < 0. Since cl(a) fl {y,x] ^ 0, we conclude that 'ipio) < 0, hence ip ^ A^(a). 

(b) Assume that for every tp G A^(a) we have pJ^o) = 0 or pj{x) > s. Then, by 
our choice of o, for every tp G A_a(o) we have tp{x) > 0. Thus x Fo. Since o ^ x, 
there exists tpo G A_a(o) such that tpo{x) = 0 and tpo{o) > 0. Then tpo{x) < s, 
contradicting our assumption. 

By the previous paragraph, there exists a unique face o' F o such that for every 
tp G A_ 4 (a) we have tp{o') = 0 if and only if tp{o) = 0 or tp{x) > s. We claim that 
o G rs((T',a;), that is, for every p G satisfying .^(cr') < 0 and p{o) > 0, we 

have p{x) > s. 

Since .^(cr) > 0, we have .^(a) > 0. Thus the affine root p is of the form 
where n., 1 , G Z>o for all tp. Since P{o') < 0, we get = 0 when 
tp{o') > 0. Thus every tp G Aj^fo) with > 0 satishes tp{o') = 0, that is, tp{o) = 0 
or tp{x) > s. In both cases, we have tp{x) > 0. 

Since p{o) > 0, there exists therefore tpo G A^(a) with tpo{x) > s and > 0. 
Hence ^(x) > n.,pgtpo{x) > tpo{x) > s, as claimed. 

It remains to show that for every o" F such that o G rs(cT", x) we have o' F o'". 
Choose tp G A^(a) such that tp{o") = 0. We want to show that tp{o') = 0, that is, 
tp{o) = 0 or tp{x) > s. 

Equivalently, assuming that tp{x) < s, we want to conclude that tp{o) = 0, that 
is, tp{o) < 0 and tp{o) > 0. Since o G rs((T",x) and tp{o") < 0, we have tp{o) < 0. 
On the other hand, since tp G A_ 4 (a) and a ^ a, we have tp{o) >0. □ 

5.3. Proof of Lemma [^ . i (a) If a = x, then o' := x satishes the property, so we 
can assume that o ^ x. Decomposing G as a product n.G., we get a decomposition 
of [Xm{G)] as a product Y\i[^m]{Gi). Then o and x decompose as products o = n Oi 
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and X = Y\xi. Moreover, every face o' < a decomposes as o' = Hi <^0 ^ind we have 
cr G rs(cT',x) if and only if Oi G Ts{o'^,Xi) for all i. Thus we can assume that G is 
simple, in which case the assertion follows from Lemma [5.2f b). 

(b) Consider two maximal polysimplices o'l^a'^ G r 5 (cT',a:) C [Am\ such that 
o' ■< o'l, o'{. First we claim that o'[ and o'{ are faces of the same chamber. For this 
we have to show that there is no V’ ^ ^m{,A) such that > 0 and < 0 . 

Indeed, assume that there exists G such that t/’(cr") > 0 and < 0- 

Since o' ^ cx^' and o'l G Fs(cr',a;), this implies that '0(cr') < 0, thus > s > 0. 
Similarly, repeating the above argument interchanging o'l with o'^ and with —'ip, 
we conclude that 7p(x) < 0, a contradiction. 

Since o'( and are faces of the same chamber, they generate a polysimplex 
CTg such that o'[^o'{ -< o'^. Moreover, since Fs((t',x) is convex, we conclude that 
CTg G Fs(cr',x). Since a" and o'P are assumed to be maximal, we thus conclude that 
a" = o'' = a". □ 

5.4. Proof of Lemma [^ . i 4 (s-) Assume that rrix^siT) = o'. Then o' ^ t and r G 
F 5 (cr',x). Hence r ^ o" by the dehnition of o" (see Lemma [4.10f b)L 

Conversely, assume that o' ^ t ^ o", and we want to show that r' := rux^sij) 
equals o'. Since o" G Fs(cr',x) and r ^ cr", we conclude that r G Fs(cr',x), thus 
r' :< o'. On the other hand, since r G Fs(r',x) and o' ^ r, we have o' G Fs(r',x). 
Since t' ■< cr', we conclude that mx^s{o'') ^ n' ^ cr'. We thus conclude from the 
equality mx,s{o'') = o''- 

(b) Assume that o' ^ r ^ cr", and we want to show that r G E and r ^ S'. Since 
S' and S are subcomplexes, it suffices to show that o' ^ S' and cr" G S. 

Assume that o' G S'. Since x G S' and S' is convex, we conclude that Fo(cr',x) C 
S' fsee l4.7f bH. Thus m“^(cr') C Fs(cr',x) C Fo(cr',x) fsee I4.7f c)i is contained in S'. 
But this contradicts the assumptions cr G mf].{o') and cr ^ S'. 

Next, since cr G S, cr' ^ cr and S is a subcomplex, we conclude that cr' G S. Thus, 
arguing as in the previous paragraph we conclude that F 5 (cr',x) C S, thus cr" G S. 

(c) We have to show that there exists t ^ o' such that cr' = rrix^siT). Decomposing 
G into a product, if necessary, we may assume that G is simple. Since x G S' and 
o' ^ S' (use (b)), we conclude that o' 7 ^ x. 

Let M C df be an apartment containing o' and x and let o G [Am\ be a chamber 
such that cr' ^ a and 0(x) > 0 for every ^p G A^(d) such that 'ip{o') = 0 (see Lemma 
I5.2l al). Since o' ^o and cr' ^ S', we conclude that o ^ S'. Using the assumption 
^ S', we conclude that o ^ Thus, by remark 031 there exists fjo G A_a(o) 
such that 'ipo{x) > s. 

By Lemma [5^ bL we conclude that 'ipo{o'') = 0. Hence there exists a unique t AiO 
such that o' is a face of r of codimension one, and 'ipoi^) > 0. By construction, 
for every G A^(d) we have either '0('^) = 0 or = fjQ. Since 'ipo{x) > s, 
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the desired equality mx,s{T) = o' follows the characterization of rrix^sij), given in 
Lemma I5.2f b) . □ 

6. Formula for the projector and applications 

In this section we prove Theorem 11.61 Proposition 11.201 and Corollaries 11.9111.101 
[m and 03 

6.1. Proof of Theorem \1.6\ We divide the proof into six steps. 

Step 1. For every h G 'H(G), the inductive system {E^ =t= stabilizes. 

Proof. Fix X G V{Xm) and n G N such that * h = h. It suffices to show 

that the inductive system ^+}Ee 0 m stabilizes, so the assertion follows from 

Proposition 14.14f al. □ 

Step 2. There exists a unique element z E Zq such that z{h) = Ef * h for every 
h G 'H(G) and every sufficiently large S G ©m, that is, z{h) = lims 60 ^(F^ * h). 

Proof. By Step 1, there exists a unique endomorphism 2 ; G Endc'H(G) such that 
z{h) = hmse 0 ^ Ef * h for every h G 'H{G). We claim that z G Zq- 

Since z commutes with the right convolutions, it suffices to show that z is Ad G- 
equivariant fuse ll.3f b)). First we claim that z is AdiP-invariant for every compact 
subgroup K C G^'^. Indeed, the S G ©m’s in the equality z{h) = hmsg 0 ^(F^ * h) 
can be chosen to be AdiP-invariant, thus z is AdiP-equivariant. 

It remains to show that the group is generated by compact subgroups. Since 
the corresponding simply connected group is known to be generated by compact 
subgroups, and G^^ acts transitively on the set of chambers in [A’(G)], the assertion 
follows from the fact that the stabilizer Stabcad (cr) of every chamber is compact. □ 

Step 3. For every V G R{G) and v E V, the inductive system {F^(n)}se 0 ^ 
stabilizes, and z{v) = limse 0 ^ Ef{v). 

Proof Choose h E 1-L{G) such that h{v) = v. Then Ef‘{v) = Ef‘{h{v)) = {E^*h){v) 
stabilizes (by Step 1), and the limit value equals z{h){y) = z{h{v)) = z{y) (see 
OKc)). □ 

Step 4. For every V E Irr(G)<r, we have z\v = Idy. 

Proof. By dehnition, there exists x E X such that 7 ^ 0. Thus, by Schur’s 

lemma, it remains to show that z{v) = v for all v E . By Proposition 

l4.14f bL we conclude that z{5g .) = Note that for each v E we 

^ ^ a:,r“h ' 

have 5g +(t) = v. Therefore, bv 11.31( c). we conclude that z{v) = z{6g +{v)) = 

(^(^G,,,+ ))(J^) = =v- □ 
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Step 5. For every V G R{G)yr, we have z\v = 0. 

Proof. For every V E R{G)yr and x E X, we have = 0. Thus 6g^^+{v) = 0 

for all V E V. Therefore we have Ef{v) = 0 for all S G 0^ and v E V, hence 
z{v) = 0 by Step 3. □ 

Step 6. Since an element of Zq is determined by its action on irreducible rep¬ 
resentations, it follows from Steps 4 and 5 that ^ = 11^ (see 16.21 for a more direct 
argument). □ 

6.2. An alternative proof. Using the arguments, described above, we can give 
both an alternative proof of the existence of the decomposition R{G) = R{G)<r ® 
R{G)^r and a more direct proof of the equality ^ = 11^. We do it in two steps. 

(I) The element z G Zg, constructed in Step 2 of 16.11 is idempotent. 

Proof. We have to show that z o z = z. Bv ll.3f bi. it suffices to show that for every 
h E R{G) we have z{z{h)) = z{h). By the dehnition of z, we have to show that 
z{Ef * h) = Ef * h for all sufficiently large S G ©m- By construction, we have 
z{Ef * h) = z{Ef) * h, so it suffices to show that z{Ef‘) = Ef for every S G ©m, 
or equivalently that ^(5cr,r+) = ^a,r+ for every a E But this follows from 

Proposition 14.14f b). □ 

(II) For every V E R(G), set V<r := \m.{z\v) ® V and U>r := Ker( 2 ;|v') C V. 
Since 2 : G Zg is an idempotent, we have a direct sum decomposition V = V<r ® U>r, 
and we also have z\w = Idw (resp. z\w = 0) for every irreducible subquotient W 
of V-^ (resp. V^''). Then the result of Step 4 (resp. Step 5) of 16.11 implies that 
V<r G R{G)<r (resp. U>r G i?(G)>r). This implies both the desired decomposition 
R{G) = R{G)<r ® R{G)^r and the desired equality z = 11^. 

6.3. Proof of Corollary \1.9[ (a) For / G Gf°{G) and E E D{G), we dehne the 
convolution E * f E G°°{G) by the rule {E * f)dg ■.= E * {fdg) for a Haar measure 
dg on G. Then E{f) = {E * <.*(/))(!), where t : G —?• G is the map g 1 —)■ g~^. 

By Theorem II.61 for every h G P{G) we have Er*h = limsg 0 ^(U^*h.). Therefore 
for every / G G^(G) we have Er*f = * f). Hence Er{f) = lims Ef{f). 

(b) Since each Ef is supported on Gr+, we conclude by (a). □ 

6.4. Generalized functions, (a) Since the space of generalized functions G(G) 
is the linear dual of P{G), the Bernstein center Zg acts on G(G) by the formula 
z{x){h) ■= x{^{h)) for every z G Zg, X ^ G(G) and h E P{G). We say that 
X G G(G) is of depth < r, if nr(x) = y. 

(b) By Schur’s lemma, for every z E Zg and V E Irr(G) there exists fziV) E C 
such that z\v = fziV) Idy. Moreover, the character xv of V satishes z(xv) = 
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fz(y)xv- In particular, for an admissible representation V G R{G)<r, its character 
Xv is of depth < r. Thus the following result is a generalization of Corollary 11.101 

Corollary 6.5. For every invariant generalized function x ^ C^{G) of depth < r 
and every h G 'H(G) we have 



Proof. Since y is of depth < r, we have the equality y(h) = (nr(y))(h) = y(nr(h)). 
Then, by Theorem 11.61 y(h) equals 



LcrSS 

Finally, since y is Ad G-invariant, we have 



and the assertion follows. 


□ 


6.6. Proof of Corollary \1.12[ (a) By dehnition, for every n G N and a hnite subset 

S C [A] we have Therefore it follows from 

Corollary O] that En = hmsee(Z]pePar(“l)'*‘”'"^ AvyE(5p+)). 

Since z{5p+) = Ez*Sp+, it therefore suffices to check the equality i?^*AvyE(5p+)) = 
Avy^iEz * ^p+))- The latter equality follows from the fact that the distribution E^ 
is invariant. 

(b) Since z G we have Ez*En = E^. Thus the assertion follows from (a). □ 

6.7. Proof of Proposition \1.2(K For every S G ©m we set := Uo-Gsg^-r- Then 

0s -r — 0* is nn open and compact subset, and gl,, = UsG0m0s -r- Thus we have 
Iglr ~ IiniSG0m Ig^ hence Er = lims;G 0 „i 'T“^(lg‘ _^). It therefore suffices to show 
that = 4^’ Ihat is, E{Ef) = Ig^, 

Notice that the restriction of the Fourier transform E ; D{q) —>■ G(g*) to 'H(g) is 
the Fourier transform 'H(g) —)■ G~(g*). 

Since '0 is trivial on (zu) but nontrivial on O, for every a G [AA] the lattice 
0CT -r — 0* is fhe orthogonal complement of g^.,.+ C g with respect to the pairing g x 
g* —)■ : (a, 6) i—)■ a)). Thus, we have the equality J^((5gj, = Ig* hence 

E{£f^) = Z]<TGs(“I)'^™'^IgJ Hence it suffices to show the following result. □ 

Lemma 6.8. For every E G Qm, we have the equality Ig* = X]o-Gs(“I)'^™°^Iga-r’ 
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Proof. Set := Clearly, (^s(fe) = 0 if 6 G 0 * \ 0 s^_,., so it 

remains to show that = 1 if 6 G 0 ^ 

For every b G 0 *, we denote by [Xm\{b) the set of a G [X^] such that b G Q*_r, 
and set S( 6 ) := [Xm\{b) fl S. Since Q*_r ^ every a' ^ a, we conclude that 

[Xm]{b) and hence also S( 6 ) is a subcomplex of [Xm]- 
By the dehnition of (ps, the value (ps(^) equals the Euler-Poincare characteristic 
of S(6). Thus it suffices to show that for every 6 G 0 * the complex S(6) is convex. 
Since S G ©m is convex by assumption, it remains to show that the complex [Xm]{b) 
is convex. But this follows from Lemma 13.121 □ 

6.9. Proof of Corollary \Tf2E Since C induces a homeomorphism Go-,r+ ^ Qa,r+ for 

each a G [X^], it satishes Cf6G^^+\G^+) = ^ 0 ^,+ |g,+ - Hence C^E^Ig^^) = 

for each S G ©m- We conclude by Corollary 11.91 and Proposition I1.2UI □ 

7. Relation to the character oe the Steinberg representation 
In this section we prove Theorem 11.141 

7.1. The Steinberg representations of finite gronps (compare |Cul 3.2,4.2]). 

For an algebraic group L over a hnite held F^, we set L := L(Fg). 

(a) Let L be a connected reductive group over a hnite held Fg, B C L a Borel 
subgroup, and U C B the unipotent radical of B. Then the Hecke algebra PL{L, B) 
has a basis := |^1 b«,b, parameterized by the elements w of the Weyl group Wl 
of L, where \B\ denotes the cardinality of B. 

(b) Let Sti be the Steinberg representation of L. Then St^ is an irreducible 
representation, the space of invariants Stf is a one-dimensional representation of 
the Hecke algebra PL{L, B), and each acts as sgn(r(;) Id. 

(c) The restriction of St^ to R = U(Fg) is the regular representation. Therefore 
Tr(l, St^,) = \U\, and Tr( 5 f, St^) = 0 for every unipotent element 1 g E L. 

7.2. The Steinberg representations ofp-adic groups (see |Bol] . or |Cal Section 
8 ] and [B^ p. 199-205]). 

(a) Let Stc be the Steinberg (or special) representation of G = G(F). Then St^ 
is irreducible, the space of Iwahori invariants St^ is a one-dimensional module of 
the Hecke algebra PL{G,I), and for every element w of the affine Weyl group 

of G, the element liwibi G Pi{G, I) acts on St^ as sgn(t(;) Id. 

(b) As a virtual representation, Stc equals the alternating sum of the non- 
normalized induced representations IndQ(lQ), where Q = Q(T), and Q runs over 
the set of standard parabolic subgroups Q C G. 

7.3. Parahoric subgroups, (a) Fix a parahoric subgroup PEG, and an Iwahori 
subgroup I E P. Then the quotient P/P^ is naturally isomorphic to L = L(Fg) 
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for some connected rednctive gronp L = Lp over ¥q. Under this isomorphism 
I/P^ C P/P+ corresponds to P = B(Fg) for some Borel snbgroup B = Bp C L. 

(b) Note that for every representation V G R{G), the space of invariants is 
a representation of P/P^ = L. 

Proposition 7.4. The L-representation St^^ is isomorphic to the Steinberg repre¬ 
sentation Stp. 

Proof. Denote the L-representation St^^ by St'. Then (St')® = St^, and we have 
natural identihcations Wl ^ Wp C W and TLi^L^B) ^ 'H{P, I) C TLiG^I) under 
which hyj ffrom lTTf aU corresponds to liwihi G TL^G, I). Therefore, bv l7.2f ah (St')® 
is a one-dimensional representation of the Hecke algebra ^(T, B) such that h^ acts 
by sgn(tc) for every w G Wp. Hence, bv I7.1f bh St' is isomorphic to a direct sum 
Stp ©U with U® = 0. It remains to show that St' is generated by its P-invariants. 
But this follows from Lemma 17.51 below. □ 

Lemma 7.5. For every smooth representation V of G, which is generated by its 
I-invariants, the L-representation is generated by B-invariants. 

Proof. Since V is generated by U^, it is a quotient of a direct sum of the C'“(/\G)’s. 
Thus, it is enough to prove the assertion in the case V = Gf°{I\G). Notice that 
the space V, considered as a P-representation, decomposes as a sum V = J2geG 
where Vg := C[I\IgP]. Thus it remains to show that each is generated by its 
P-invariants. It suffices to show that Id®^ = C[P'\L], where P' = B'(Fq) for some 
Borel subgroup B' C L. 

Notice that we have a natural isomorphism of P-representations Vg = C[PnJ'\P], 
where /' := g~^Ig. Therefore Id®^ = C[P®(P fl /')\P], so it suffices to show that 
J := P®(P n /') C P is an Iwahori subgroup fcompare 17.31) . 

7.6. Notation. For a G [X], choose x G a and define G^ := G,c,o (use Lemma ES]). 

Let cr G [fh] (resp. r G [A”]) be the polysimplex such that P = G^ (resp. /' = Gr). 
Choose an apartment .4, of A such that a,T ^ [4,] and points x E a and y E r. 
Since /' is an Iwahori subgroup, r is a chamber. Hence we have 'ijj{y) ^ 0 for every 
E T(4,). Therefore every point 2 ; G (x, y], close to x, lies in some chamber a E [4,] 
such that a Fa. We claim that J = G^, that is, G^ = Go-,o+(G^cr H Gr). 

By Proposition 13.111 the subgroup G^ is generated by Mq and the affine root 
subgroups U.,p for -0 G 4'(4,) satisfying 'ipia) > 0. Since a Fa, we have 'ipia) > 0 if 
and only if we have either '0(cr) > 0 or 'ijj{a) = 0 and 'ip{a) > 0. Thus, to show the 
inclusion G^ C Go-fl+{GaL\Gr), we have to check that for every 0 G T(4.), satisfying 
fj^a) = 0 and '0(a) > 0, we have '0( t ) > 0. Equivalently, we have to check that for 
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every xjj G ^(^), satisfying 'ip^x) = 0 and 'ip{z) > 0 we have 'ip{y) > 0, which follows 
from the assumption 2 ; G {x, y]. 

The converse inclusion in easier. Namely, the inclusion fl G,- C G^ or, equiva¬ 
lently, Gxr\Gy C Gz follows from Lemma [3.121 while the inclusion Gcr,o+ ^ Ga ^ G^ 
follows from the fact that a ^a. □ 


To prove Theorem II. 141 we are going to use a result of Meyer-Solleveld |MS1 Prop. 
4.1], which we are going to formulate now. 

7.7. Theorem of Meyer-Solleveld (see |MS1 Section 4]). (a) For every a G [T], 
we denote by Gj. C G be the stabilizer of a, and let sgn^ : Gj. —)■ {±1} the orientation 
character, that is, sgn^( 5 f) = 1 if and only if G Gj. preserves an orientation of a. 
In particular, the restriction sgn^ \g„ is trivial. 

(b) Let n E N and let V G R{G)<n be hnitely generated and admissible. Since 
Gj. normalizes Go-,n+, it acts on the space of invariants 1/^'^."+. 

(c) A result of Meyer-Solleveld [MSI Prop 4.1] asserts that for every compact 
subgroup subgroup K C G, every / G G^{K), Haar measure dg on G and every 
sufficiently large iP-invariant hnite subcomplex S G 0, we have the equality 


(7.1) 


Xnifds) 



(-l)‘""'sgn„(9)Tl'(j,;r“..»+) 




dg. 


7.8. Remark. Note that there is a lot of similarity between formula fl7.ip of Meyer- 
Solleveld and our Theorem 11.61 However we don’t know whether one of these results 
formally implies the other (compare also remark fl.lSp . 


7.9. Proof of Theorem l.lfl We have to show that the equality 


(7.2) 


EM) = XstaUG) 


is valid for every / G G“(Go+). Moreover, since Eq and xsto are Ad G-invariant 
and Go+ = (AdG)(/+), it is enough to prove fl7.2p for / G G“(J+). 

To calculate the right hand side of fl7.2p . we apply formula fl7.ip for n = 0, 
TT = Stc, K = and dg = . We set Gf := G„fi+, L„ := and let Go- C L„ 

be a maximal unipotent subgroup. 

Notice that for every G fl Gj., we have g G Go-, and the image [^f] G L„ is 
unipotent. In particular, sgn^( 5 f) = 1. Since the space of invariants St^'^ is the 
Steinberg representation of (by Proposition I7.4p . we conclude from I7.1f c) that 
for every g E H Gj., the trace Ti{g^ St^'^) equals \U„\lQ+{g). 
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Hence, by (17.Ih . the right hand side of (17.2p equals 



for all sufficiently large /"'■-invariant E G 0. Using the identity = 

S^+, the latter expression equals f{g)EQ = U^(/). This implies the equality 
= EqIJ), and the assertion follows from Corollary II.yf ah □ 

8. Stability 

In this section we prove Corollary 11.161 and Theorem II.231 

8.1. Set up. (a) We £x a non-zero translation invariant top degree differential form 
ojg oil G and such a form ut on T for each maximal torus T C G. Then ug/ut 
is a top degree translation invariant differential form on G/T, hence it dehnes a 
G-invariant measure \ ujg / ojt \ on (G/T)(F). Also ojg defines a Haar measure IojgI 
on G. 

(b) Let X be either G, or g, or g*, where g denotes the Lie algebra g viewed 
as an algebraic variety, and similarly for g*. Then X is equipped with an adjoint 
action of G. We denote by X®'’ C X the set of strongly regular semisimple elements 
of X, that is, the set of all x G X such that the stabilizer G^; := StabG(a^) C G is a 
maximal torus. Then X®'’ C X is an open subvariety. 

We set X := X(F) and X®'' := X®''(F), and assume that X®"" 7 ^ 0, which is always 
satished, if X = G or the characteristic of F is not two. In particular, the subset 
Xsr c X is dense. 

8.2. Stability. Suppose that we are in the situation of 18.11 

(a) For every x G X®"^ we have a natural map : G/G^, — )■ X : [^f] 1 —)■ g{x), hence 
a map (G/Ga;)(F) —)■ X®'', whose image we call the stable orbit. 

(b) Notice that each stable orbit is closed in X, hence we can define an invariant 
distribution O®* G /l'^(X) by the formula 0®*(/) := J(^G/Goo)iF)^x{f)\^G/<^Gj foi 
every smooth function with compact support / G G^(X). The distribution O®* is 
called the stable orbital integral. It is dehned uniquely up to a constant. 

(c) A function / G G^(X) is called unstable, if 0®*(/) = 0 for every x G X®L An 
invariant distribution F G D^{X) is called stable, if F{f) = 0 for every unstable 
/ G G“(X). An invariant generalized function y G G^(X) is called stable, if 
xdx G D^{X) is stable for a Haar measure dx on X. 

(d) We call a G-equivariant open and closed subset X C X stable, if X fl X®'' is a 
union of stable orbits (see (a)). 
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8.3. Examples, (a) If E C X is a stable subset (see l8.2f d)). then the characteristic 
function ly e C^{X) is stable. 

Indeed, we want to show that for every unstable function / G C'^iG) we have 
f^(f -lyjdx = 0. Since V is stable, the function /■ ly G C^(X) is unstable. Thus it 
remains to check that for every unstable function / G C^(X) we have fdx = 0. 
This follows from the fact X®'' C X is dense. 

(b) The character xstc of Steinberg representation is stable. 

Indeed, bv 17.21( b) it remains to show that each character Xind§(iQ) stable. This 
follows from the fact that the constant function is stable (by (a)) and that the 
parabolic induction preserves stability (see |KV3] ). 

The following lemma will be proven in Appendix [B] fsee IB.2r bi). 

Lemma 8.4. For every r G M>o, the open G-invariant subsets Gr+ F G, 0^+ ^ 0 
and 0 l^ C 0 are closed and stable. 

8.5. Remark. The fact that Gr+ F G and 0 ^+ C 0 are closed was also proven by 
Adler and DeBacker (see |ADBl Cor 3.4.3 and Cor 3.7.21]). Our proof is completely 
different. 

8 .6. Proof of Corollary We have to show that for every unstable / G C“(G), 
we have Eo{f) = 0 . 

Since 0 * 0 + C G is open and closed (by Lemma 18^ . / decomposes as / = /' + /", 
where /':=/• 1 ^^^ and /" := / • lG\Gg+- Since / is unstable, while Go+ C G is 
stable (by Lemma 18^ . we conclude that f is unstable. 

Since Eq is supported on Go+ (by Corollary II. 9p . and f” is supported on G \ Go+, 
we conclude that Eo{f”) = 0. Therefore Eo{f) = Eo{f') equals Xstcif'l^^^) (by 
Theorem II. 14p . Hence Eo{f) = XstcW'f^^^) = 0) because ystc is stable (see I8.3r bi). 
while f is unstable. □ 

Corollary 8.7. Assume that the characteristic of E is different from two, and that 
G admits an r-logarithm. Then the invariant distribution E^ is stable. 

Proof. By Example 18.3f a) and Lemma [H31 the invariant generalized function Ig^^ G 

G'^( 0 *) is stable. Hence, by a generalization |KP] of a theorem of Waldspurger [Waj . 
the distribution Sr = -^~^(lgi^) is stable. 

The rest of the argument is similar to l 8 . 6 l For every unstable function / G G“(G), 
functions /':=/■ 1 g^+ and C\{f') G ^^( 0 ) are unstable. On the other hand, we 
have Er{f) = Er{f'), because Er supported on Gr+, and Er{f') = Sr{jC\{f')) by 
Corollary 11.221 Hence Er{f) = Sr{C\{f')) = 0, because Sr is stable. □ 
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8.8. Remarks, (a) Formally speaking, the theorem of Waldspurger and its general¬ 
ization in |KP] are only proved when F is of characteristic zero. But the arguments 
can be extended to local helds of positive odd characteristic. 

(b) In all known cases when G admits an r-logarithm, the Lie algebra admits a 
non-degenerate quadratic form. In this case, we can identify the dual g* with g, 
thus the original theorem of Waldspurger suffices. 

(c) When r G N, we can prove Corollary 18.71 without the theorem of Waldspurger. 
Namely, arguing as in the second paragraph of the proof of Corollary 18.71 we see 
that Fr is stable if and only if is stable. Hence, by Corollary 11.161 it suffices to 
show that Ej. is stable if and only if Eq is stable. 

Let pr : g — !• g be the homothety map a i-G- a. Since r G N, for every x G fh, we 
have the equality Qx,r+ = o+ Isee IA.8f b)L Then the pullback /r* : Zi)(g) —>■ D{q) 
satishes for all x E X, hence /u*(E^) = Eq for all S G ©m- 

Thus fi*(Er) = Eq by Proposition 11.201 Since p* maps stable distributions to stable 
distributions, the assertion follows. 

8.9. (Very) good primes, (a) Let be the simply connected covering of the 

derived group of G. Then G®'^ decomposes as a product G®'^ = such 

that each F^/F is a hnite separable extension, Hj is an absolutely simple algebraic 
group over Fj, and denotes the Weil restriction of scalars. We denote by H* 

the quasi-split inner form of Hj and by Fi[H*] the splitting held of H*. 

(b) We say that p is good for G, if either p > 5, or p = 5 and neither of the iLj’s 
is of type Fg, or p = 3, all the Fj’s are of types A — D and satisfy [Fj[H*] : Fj] < 2. 

(c) We say that p is very good for G, if p is good, and p does not divide n, if some 
of the Hi’s are of type 

The following assertion is an immediate consequence of Lemmas lC.3l and lC.4l from 
Appendix ICl 

Corollary 8.10. If p is very good for G, then G®^ admits an r-logarithm for every 
r G M>o. 

The proof of following assertion is given in Appendix [B] fsee IB.ip . 

Lemma 8.11. Let vr : G' —?■ G he an isogeny of degree prime to p. Then tt induces 
homeomorphisms G'^^+ ^ Gx,r+ o,nd G(+ ^ Gr+ for all r and x G A’(G') = A’(G). 

Corollary 8.12. In the situation of Lemma \ 8.1 1[ the distribution Er on G is stable 
if and only if Er on G' is stable. 

Proof. Since F^ is supported on Gr+ (by Corollary II. 9f b)L to show that it is stable, 
we have to check that Er{f) = 0 for every unstable / supported on Gr+, and similarly 
for G'. Thus, the assertion follows from Lemma [8.111 and Corollary II.9f ah □ 
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8.13. Proof of Theorem \1.2S\. Consider the natural isogeny tt : G"" X Z(G)° ^ G. 

Since the degree of vr divides |Z(G®‘^)|, and p is very good, the degree of vr is prime 
to p. Hence, by Corollary 18.121 to show the stability of on G, it is enough to 
show the stability of on Since G®'^ admits an r-logarithm by Corollary 18. 101 
the assertion follows from Corollary 18.71 □ 

8.14. Remark. If E is of characteristic zero and p is good, then Er is stable. Indeed, 
arguing similarly to 18.131 we reduce to the assertion that E^ is stable, if each Hi if of 
type A and p > 2. Then, using classihcation, we deduce to the case when G is either 
GL„ of GUn (in this step we use the assumption that the characteristic is zero). In 
both cases, G admits an r-logarithm, so the assertion follows from Corollary 18.71 

Appendix A. Properties oe the Moy-Prasad filtrations 

In this section we provide proofs of some of the results, formulated in Sections [2] 
and |3l We are going to follow a standard strategy, hrst to pass to an unramihed 
extension, thus reducing to a quasi-split case, then to pass to a Levi subgroup, thus 
reducing to a rank one case, and to hnish by direct calculations. Though most of the 
results in this sections are well-known to specialists (see, for example, lYll Section 
1 ]), we include details for completeness. 

A.l. Set-up. Let S C G be a maximal split torus, M ;= Zg(S) be the correspond¬ 
ing minimal Levi subgroup of G, set A := As, and let ^{A)nd ^ ‘^’(A) be the set 
of non-divisible roots, that is, those a G *h(A) such that a/2 ^ 

Lemma A.2. There exists a finite unramified extension E'/E such that G' := Gpi 
is quasi-split. Moreover, for every such extension, there exists a subtorus S' ^ S o/ 
G defined over E such that S'p, G' is a maximal split torus. 

Proof. Assume hrst that G = GLi(Zl) for some hnite-dimensional central division 
algebra D over E. In this case, both assertions are easy. Indeed, let dim^D = d^, 
and let E'/E is an unramihed extension. Then Gp' is quasi-split if and only if 
E' splits D. Moreover, this happens if and only if E' D EA\ where E'^‘^1 /E is an 
unramihed extension of degree d. Furthermore, there exists an embedding ^ D 
of F-algebras, whose image corresponds to a torus S' we are looking for. 

Assume next that G = GLi(F) for some (not necessary central) hnite-dimensional 
division algebra D over E. This case reduces to the hrst one, and is left to the reader. 

Finally, the general case follows from the previous one. Indeed, G^/ is quasi-split 
if and only if is quasi-split, and if and only if the simply connected covering 
M^, of Mi?/ is quasi-split. Thus we may replace G by thus assuming that 
G is semisimple, simply-connected, and anisotropic. Next, decomposing G into 
simple factors, we may further assume that G is simple. Then G = SLi(F) for 
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some finite-dimensional division algebra over F, and SLi denotes the kernel of the 
reduced norm (see |P1R1 Thm 6.5. p. 285]). Since the assertion for SLi(Zi)) follows 
from the assertion for GLi(Zi)), the proof is now complete. □ 

A. 3. The roots subgroups, (a) We choose a set of positive roots C 

‘h(A)nd, and a total order on <h(A)ndU{0} such that a > 0 if and only if a G 

Set Uo := M. Then the product map nQG#(.A)„dU{o} —)■ G is an open embedding. 

(b) For every a G *h(A,), x E A and r G M>o, we denote by 'ilJa,x,r the smallest 

affine root -0 G ft'(A) such that = a and 'ip{x) > r. Set Ua,x,r '■= U^a,x,r — 
and Ua^x,r ■ ^'>pa,x,r — 

(c) We also set U(a),x,r • ■ U2a,x,r — if 2ci G *F(A), h^(a),x,r • U(^ x,ri If 

2 q! ^ *h(A), and Uo,x,r ■= Mr. 

A.4. The SL 2-case. Let G = SL2, and let S C G be the group of diagonal matri¬ 
ces. In this case, G and S have natural (9-structures, hence a natural identihcation 
A A Vs (see I2.9f a)). and we have <F(A) = ±a and fl'(A) = ±a -f Z. Moreover, if 

the root subgroup Ua consists of matrices ga = with a E F, then the affine 

root subgroup Ua+n ^ Ua consists of Qa G Ua with vali?(a) > n. 

A. 5 . The SUa-case (compare [Til Ex. 1.15]). (a) Let K/F he a separable totally 
ramihed quadratic extension, and let r G Gal(A/F) be a non-trivial element. Let 
G = SU3 be the special unitary group over F split over K and corresponding to the 
quadratic form (x, ^) 1 —)■ Let S C G the maximal torus, corresponding 

to diagonal matrices, and let a E <h(G,S) the non-divisible root such that Ua 
consists of upper triangular matrices. Then Ua consists of all elements of the form 
/1 —a —b\ 

gab = \ 0 1 , a, 5 G A such that Va + b + U = 0, while U 2 a consists of all 

\0 0 ij 

90,b £ Ua- 

(b) Set 6 := max{valx(&)|& -|- '^5 -|- 1 = 0}. Then 5 < 0, and 5 = 0 if and only if 
p ^ 2. For every ga^ E Ua, we have valxib) < 2val(a) -|- 6, and for every a G 
there exists ga^b ^ Ua with valx(&) = 2val(a) -|- 6. On the other hand, as it was 
explained in m Ex. 1.15], for every g^^b ^ U 2 a, we have valx(&) G 2Z -|- 5 -|- 1. 

(c) Using natural identihcation A A Vs Isee I2.9lf ai). we identify the set of affine 
roots T(A) with the set {±a + \{2Z + 6))U {±2a + \{2Z + S+1)), where we divide 
by extra factor of 2, because our normalization uses valuation vaR = | val^- 

(d) In the notation of (c), for -0 := a -|- |(2n -f 6), the subgroup U.^ consists of all 
9a, b G Ua such that vali^(5) > 2?7, -|- 5, while for 'ifj := 2a + |(2n-|- 5-|- 1) the subgroup 
U,p consists of go^ E Ua such that vali^(6) > 2n -1- <5 -|- 1. 
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(e) Using (d), for every x & A and r G M>o, the subgroup Ua,x,r consists ga,b G Ua 
such that valj^(6) > 2r — 2a{x), while subgroup U 2 a,x,r consists G Ua such that 
valii-(6) > r — 2a{x). In particular, we have Ua,x,r hi U 2 a,x,r = U 2 a,x, 2 r- 

(f) We claim that an element ga^ G Ua belongs to U(a),x,r if and only if > 

r — a{x) — and vali^(6) > r — 2a{x). 

By dehnition, U(^a),x,r consists of elements of the form ga,b'+b" = ga,b' ■ go,b" such 
that ga,b' G Ua,x,r and ( 70 ,fe" £ U 2 a,x,r- In particular, we have valii'(6") > r — 2a{x), 
and vali^(6') >2r — 2a{x) (by (d)), hence 2 valii-(a) > vAxib') — 6 > 2r — 2a{x) — 6 
(by (b)) and vali^(6' + b") > mm{vAK{b'),vAK{b")} > r — 2a{x). 

Conversely, assume that element gafi G Ua satishes vali^(a) > r — a{x) — ^5 and 
valit(6) > r — 2a{x). Choose ga,b' G Ua with valii'(6') = 2valif(a) + 6, and set 
b" := b — b'. Then val;^(6') >2r — 2a{x) and vAKip'') > min{vali^(6), vali^(6')} > 

T 2q;(x). Thus ga^y ^ Ua^x^r and go^b'' ^ U2a^x,r} hence ga^b'-\-b'' ^ U^a)jX^r‘ 


A.6. Levi subgroups. Let L 3 S be a Levi subgroup of G, and set Al := A,l,s- 

(a) We have a natural projection prL : A —)■ Al of affine spaces, compatible with 
the projection Vg,s Ul,s of vector spaces (see |La( 1.10 and 1.11]). 

(b) We have an inclusion <h(A,L) ^ <h(A,), and every affine root p G 'L(A,) such 
that G ‘^(Al) induces an affine function ipi^ on Al, which belongs to T(A,l). 
Moreover, the correspondence p ^ ipi, induces a bijection between the set of 7 /’ G 
T(A) such that op G <h(A,L) and the set ^(Al). 

(c) By dehnition, for every p G tl'(A) such that G $(Al) C <h(A), the affine 
root subgroup U^jj C Ua^ equals f/p^- 

(d) By (b) and (c), for every a G ^(Al) C <h(A), a; G A and r G M>o, the affine 
root subgroup Ua,x,r ^Ua ^ G equals Ua,-pr:^(x),r ^Ua ^ L. 

(e) For every a G d’(A) C A*(S), let Sq be the connected component (Kera)° 
and set L„ := Zg(Sq,). Then Lq, is a Levi subgroup of semisimple rank 1, and 
<h(LQ, S) is either ±a or {±a, ± 2 a}. 


A. 7. Descent, (a) Let F'/F, G' := Gp' and S' C S be as in Lemma [A. 21 where we 
assume in addition that the splitting held of G pi is totally ramihed. Let A' C A (G') 
be the apartment corresponding to S'p, C G', and set T' := Gal(F'/F). Then A! is 
equipped with an action of T', and we have a natural identihcation A A A!^'. 

(b) Note that for a G *h(A), the root group ;= (Uq,)^/ equals the product 
n„. ui„ where a' runs over the union of all a' G <F(A') such that a'|^ = a and all 
a' G d>(A')nd such that a'|yi = 2a (compare |Bo21 21.9]). 
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(c) Moreover, for every x G M and r G M>o, the affine root subgronp Ua,x,r ^ Ua 
equals 17a,a;,r = where c U'^ is the product 


n c.. 


X 


n 


rc. 


a'x, 2 r 


a'&^{A')nd,ot'\A=‘^a 


taken in every order (see, for example, |Lal 10.19 and 11.5]). 

(d) For every triple (a, x, r) as in (b),(c) such that 2a G *h(M), we have the equality 

Ua,x,r n U2a,x,r = U2a,x,2r- Indeed, by (c), it suffices to show that U^^xr = 

U 2 a,x, 2 n which reduces to the equality U'^,^^ j.nU 2 a>^x,r = U 2 a',x, 2 r every a' G <F(M') 
such that 2a' G <F(M'). By lA.Of dhfeh we reduce to the case G = SU 3 , in which 
case the assertion was shown in lA.Sf eh 

(e) We set := C 2a € ®(^), and := 

otherwise. We claim that U[a),x,r = • If 2a ^ this follows from (c). 

If 2a G $(M), we have to show that By (d), 

it remains to show that iU 2 a,x, 2 r) = 0- Using Shapiro’s lemma, the assertion 

reduces to the vanishing of Op'), which follows from the additive Hilbert 90 

theorem. 

(f) For every two triples {a,x,r) and {a,y,s) as in (b),(c) such that 2a G $(*4.) 

we have 3, J. fl (Uoi^x,r Fl Ua^y^s) ■ (U2a,x,r Fl U2a,y,s')- 

Indeed, using (d) and arguing as in (e), we reduce the assertion to the correspond¬ 
ing equality of the f/'’s. Then bv lA.Of dl.feh we reduce to the case G = SU 3 , in 
which case we hnish by precisely the same arguments as IA.5lf f). 


A. 8 . Applications, (a) Each uq, C Uq is an (9-lattice (see I2.3f cl). Indeed, by 
lA.Tf ch we reduce to the case when G is quasi-split and split over a totally ramihed 
extension. Then bv IA. 6 f d).feh we reduce to the rank one case, in which case, the 
assertion follows from formulas of IA.4I and IA.51 

(b) For every x G A, r G M>o and n G N, we have the equality = 5 x,r+n- 

Again, this can be shown by the same strategy as in (a). 

(c) For every i/; G 4/(A) there exists a positive integer nq, such that the set of 

V’' G 4/(A) with a^i = a^ equals i/’ -|- (see 12.71 alb Again, we reduce to the rank 

one case as in (a) and use the explicit formulas in IA.5I and IA.41 

Lemma A.9. (a) In the situation of Proposition 1X771 the subalgebra Qx,r decom¬ 
poses as a direct sum Qx,r = nir © n ae 4 -{^) ^a,x,r- 

(b) Assume in addition that either r > 0 or x lies in a chamber of [A]. For every 
order of <h(A)nd U {0} as in \A.3](a), the product map naG-i-{yi)„dU{o} U{a),x,r -t Gx,r 
is bijective. 
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A.10. Remark. Actually, the map in (b) is bijective for every order of <h(A)ndU{0}. 


Proof. We show only (b), while the proof of (a) is similar but much easier. 

Since U(^a),x,r ^ Ua for all a, the injectivity follows from lA.dT a). To show the 
surjectivity, assume hrst that G is quasi-split. In this case, the argument is standard 
(compare |PrR( 2.9]), and can be carried out as follows. 

Let Y C Gx,r be the image of the product map. Since Y is closed, and {Ga;,s}s>o 
form a basis of open neighbourhoods, it remains to show that Y Y ■ Gx,s for 
every s > r. Since G^s is generated by subgroups U(^a)xs, h remains to show that 
Y-U(^),x,s<^Y-Gx,sr. If 5 0 , this follows from the inclusioii (^Gx^v; Gx^s) ^ Gx^r-\-s 

(use 2.4 and 2.7]). Ifs = r = 0, and a = 0, this follows from the fact that 
normalizes each U(^a),x,r- If a 7 ^ 0, then U(^a),xfl = U(^a),x,s for some s > 0, because x 
belongs to a chamber, and the assertion is immediate. 

For an arbitrary G, let F'/F and G' be as in IA.7I Note that the embedding 
A(G) A’(G') maps chambers into chambers. Set lL(o)a:r ^xmx' 
was already shown, the assertion holds for and This implies that 

the product naG$(A)„dU{o} ^(a) xr ^ ^'x,r bijcctivc. Now the assertion follows 
from equalities Gx,r = Mr = {M' ff', which were our dehnitions, and 


77 , 


(a),x,r = ^ ^{•A)nd (see|A 3 (d)). 

Corollary A.11. Let {x,r) be as in Lemma VA.W b). y & A and s G M>o. 
(a) For every order o/<F(A)ndU {0} as in \A.3\f a). the product map 


□ 


Then 


^JA{a),x,r F 


t Gx^r Gy^s 


a6<I-(A)„dU{0} 


is bijective. 

(b) The subgroup Gx,rPGy^s is generated by Mjnax{r,s} o,nd the affine root subgroups 
U.^, where f runs over all elements of'^^A) such that f^x) > r and fiy) > s. 

Proof, (a) It follows from Lemma IA.9I that the product map is injective and that 
every g G Gx,r H Gy^s uniquely decomposes as g = S'" ^ U(^a),x,r- It 

remains to show that ga G U(a),y,s for all a. 

If {y, s) also satishes the assumption of Lemma [A.9l bL the assertion follows from 
Lemma IA.9I together with the observation that the product map Ua -)■ G is 
injective. Thus we may assume that s = 0. 

If r = 0, then, by our assumption, x lies in a chamber of [A]. Then every 
y' G [x,y), close enough to y, lies in a chamber a such that y G cl((j). Then 
g & Gx P Gy F Gy! (by Lemma r3.12p . thus (7 G fl Gy. Thus, by the previous 
case, ( 7 o ^ y q C ^ q. 

Finally, if r > 0, then there exists a point x' G A, lying in a chamber of [A] such 
that Gx,r ^ Gx'fl. Thus, g G Gx'p H Gy^s) hence pa G U[a),y,s by the r = 0 case. 
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(b) The assertion (b) follows from (a) and IA.7f f). □ 

A. 12. Proof of Proposition \3.1 il Lemma [A.91 implies all the cases, except the one 
for Gxi which is not Iwahori. To show the remaining case (which is not used in 
this work), note that is generated by its Iwahori subgroups Gy, where y lies in 
a chamber a C A such that x E cl((j). Since each Gy is generated by Tq and 
with 'ijj{y) > 0 by Lemma lA.QIf b). and inequality '0(j/) > 0 implies 'ip{x) > 0, the 
assertion for G^ follows as well. □ 

A. 13. Completion of the proof of Lemma \3.1fA As indicated in 13.131 it remains to 
show that for every x,y E X, z E [x,y] we have Gx,r H Gy^r ^ Gz,r for r > 0 and 
Qx,r n Qy^r ^ dz,r for r > 0. Choose an apartment A E X such that x,y E A, and 
use notation of lA.ll 

By Corollary lA.llf b). to show that Gx,rCGy^r ^ Gz,r for r > 0 it suffices to show 
that for every -0 E T(A) such that a{x) > r and a{y) > r we have a{z) > r. But this 
follows from the assumption 2 ; E [x,y]. The proof of the inclusion Qx,r Cl Qy^r C Qz,r 
is similar, but easier. □ 

A. 14. Proof of Lemma \3.15[ We show the assertion for Gx,r, while the assertion for 
Qx,r is similar but easier. For r = 0, the assertion follows immediately from the 
observation 13.71 Assume now that r > 0. Replacing F by F' as in IA.71 we may 
assume that G is quasi-split and split over a totally ramihed extension. Then, by 
Lemma [A. 9 1 it remains to show that = T° fl T/g, which was our dehnition, and 
that f/(a),x,r = {U[^),x,rf' ^ Bv |A. 6 l fdL (e), we reduce to the 

case of SL2 and SU3, which follow from formulas in lA.4l and lA.5lf f). respectively. □ 

A. 15. Remark. The formula of lA.Sf fl also implies that the conclusion of Lemma 
I3.15l is false, if G is SU 3 , split over a wildly ramihed quadratic extension. Therefore, 
bv lA.bf dhfe). the result is also false, if G is “bad”. 

Appendix B. Congruence subsets 

B. l. Notation. For every r E M>o, we set Gr '■= Ux^^^Gx^r C G and : = 
CxeA:9x,r C g. By construction, both Gr F G and gr C g are open and AdG- 
invariant. Moreover, we have Gr+ = Us>rGs C Gr and gr+ = Us>rgs C g,.. 

B.2. Remark, (a) The set of r G M>o such that Gr+ 7 ^ Gr (resp. gr+ 7 ^ gr) is 
discrete. For example, this follows from the fact that any such r is optimal in the 
sense of jADBl 2.3]. Alternatively, this can be seen as follows. 

Choose any r such that Gr+ 7 ^ Gr, and choose a chamber a E [X]. Since all 
chambers are G-conjugate, there exists x E cl(cr) such that Gx^r 7 ^ Gx,r+- Choose 
k E Ij such that r E [k,k + 1]. It remains to show that the set of subgroups 

j’a; 6 cl((T),sG[fc,A:+l] Is huite. 
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Choose an apartment A C containing a, and fix a: G c1((t) and s G [A;, fc + 1]. 
Then the set {-0 G T(^) | i/^(x) > s} contains the set {ip G T(^) | ip{a) > k + 1} 
and is contained in the set {ip G | ip{(T) > k}. This implies the assertion. 

(b) It can be shown that every r from (a) is rational. But even without this fact it 
follows from (a) that for every r G M>o, there exist r',r" G Q>o such that Gr = Gr' 
and Gr+ = Gr", and similarly for g. Thus Lemma 18.41 follows from the following 
assertion. 

Lemma B.3. For every r G M>o, the subsets Gr F G, gr F q and gL^ C g* are 
open, closed and stable. 

Proof. First we show that Go ^ G is closed. By 13.71 the subgroup G° C G is closed 
and Go = Stabco G(a:). Then, by the Bruhat-Tits fixed point theorem, Go 
coincides with the set of all compact elements of G°. But the set of all compact 
elements of G is closed. Indeed, choose a faithful representation p : G GL„, and 
notice that p G G is compact if and only if det p(p) G and the characteristic 
polynomial of p{g) has coefficients in O. 

Next we show that G^ C G is closed for r > 0. Since Go = Ux^xGx F G 
is closed, and each Gx is open and compact, it remains to show that for every 
X E X, the intersection Gx H Gr is compact. By IB.2lf b). we may assume that 
r G Q, hence r G ^Z>o for some m E N. As in 16.71 for every S G ©m, we 
set Gs^r ■= ©o-GEGo-^r- Then each Gx H G^^r is compact, and it suffice to show that 
GxClGr = GxFGs^r for every S 3 Equivalently, it suffices to show the equality 
of functions Ig,. ■ Ige r = ' Igj;/ ^ every S', S G ©m such that Tx,r © E' C S. 

As in Lemma 16.81 we deduce from Lemma 13.121 that for every S G ©m we have 
i-Gsr = Thus we have to show that for every S' C S as above, 

we have ‘ = 0- Arguing as in Proposition I4.14l a). it 

remains to show that for every a, a' E [Am] with a' F a and a E rr(cT', x) we 
have the equality = Ig^; • Ig^/,.- Equivalently, we have to show that 

fr X i i f-i"fj r — x i i f-i" cr^ v, that IS, djrx I i r rr r ‘ 

Choose an apartment AFX, containing a,x. By Corollary lA.llf b). the in¬ 
tersection Gx n Go-',r is generated by Mr and the affine root subgroups Up, where 
Ip E T(^) satisfies ip{x) > 0 and ip{(T') > r. Thus we have to show that for every 
Ip E T(^) such that ip{x) >0 and ipi^cr') > r we have ip {a) > r. Replacing ip with 
r — Ip it suffices to show that for every ip E with ip{x) < r and ipia') < 0, 

we have ip{a) < 0. But this is precisely the assumption a E Vr{(T',x). 

This shows that every Gr is closed. To show that Gr is stable, we need to show 
that for every G(F)-conjugate g,g' E G®’’ such that g E Gr, we have g' E Gr. In 
other words, we have to show that the subset X{g',r) C X consisting of all a: G A 
such that g' E Gx,r, is non-empty. 
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Since g and g' are G(F)-conjugate, and F” is of cohomological dimension one, 
we conclude that g,g' are G(F”)-conjugate, thus G(F'')-conjugate for some hnite 
unramihed extension F^/F. Set G^ := Gp\>, := X{G^) and := Ga.l{F^/F). 

Then g & Gr F G^, hence g' & G {1 G^, because G^ is Ad G^-invariant. Thus the 
subset X^{g',r) C X^ is non-empty. On the other hand, X^{g',r) is T^-invariant, 
because g' G G, and convex, by Lemma [3.121 Thus, by the Bruhat-Tits hxed point 
theorem, the set of hxed points X'^{g',r)^'’ is non-empty. Since X^{g',r)^^ equals 
X^{g',r)nX = X{g\r) fbv 12.51 and 13.Sf ai). we are done. 

The proof for is similar. Namely, for every x G X, we have g = Un'!^~"'Qx- 
Thus to show that gr ^ 0 is closed, it remains to show that every O zu~'^gx is 
compact. Since zu'^Qr = 0 r+n Isee IA. 8 f b)L it remains to show that the intersection 
0 r+n n 02 , is compact. This case be shown, as in the group case. 

Finally, the prove the result for we can either mimic the proof for g^, using 
the decomposition for g* obtained from Lemma [A.QIf a) by duality, or to deduce 
it from a Lie algebra version of Proposition Id.ldf a) by the Fourier transform. □ 


B.4. Proof of Lemma V8.11[ It suffices to show that vr induces bijections vTa, : ^ 

G,E,r+ and : G^^^+ fl G^ ,,+ ^ G^^r+ n Gy^r+ for every x,i/ G A’(G) = A’(G'). In¬ 
deed, the surjectivity of G^+ ^ Gr+ follows from the surjectivity of the tt^-’s, while 
the injectivity follows from the surjectivity of the vTa, ^’s and the injectivity of the 

Tier’s. 

Replacing F by F' as in I A. 71 we may assume that G and G' are quasi-split 
over F and split over a totally ramihed extension. Choose an apartment A3 
corresponding to a maximal split torus S C G, and set T := Zg(S), and T' : = 
7 r-i(T) C G'. Then T C G is a maximal torus, and both Gxp+ and Gxp+ H Gy^r+ 
decompose as Tr+ x n X ctnd T^rp~\- X GU(a),y,r+), respectively (by 

Lemma [A.91 and Corollary lA.llD . and similarly for G'. 

Since vr induces an isomorphisms between the G^’s, it remains to show that the 
induced map T^+ -3 Tr+ is an isomorphism. If T and T' are split, the assertion is 
easy. Namely, vr induces a morphism of Fp-vector spaces Tin ■ ^n/^n+i Tn/Tn+i 
for every n > 0. Hence each is an isomorphism, because the degree of vr is prime 
to p, hence T^+ -3 T^+ is an isomorphism as well. 

In general, let F*' be the splitting held of T (and T'), e be the ramihcation degree 
of FVF, and set ? := er, and F^ := Gal(FVF). Then %+ = Ker^T n T(F^)r',^+, 
where wt is the Kottwitz homomorphism T(F“) —)■ X*(T)rn, fsee ld.df a)). and sim¬ 
ilarly for T'. By the split case, vr induces an isomorphism T'(F'')p^_|_ T(F^)|’^^t^_,_ 
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of pro-p-groups. So it remains to check that every element in the kernel of the ho¬ 
momorphism X*(T')rn, —)■ is torsion of prime to p order. Since this kernel 

is killed by deg tt, the proof is complete. □ 


Appendix C. Quasi-logarithms 


C.l. Quasi-logarithms. Let G be a reductive group over a held F. 

(a) Following [KVll 1.8], we call an Ad G-equivariant algebraic morphism C : 
G —^ g a quasi-logarithm, if /1(1) = 0, and the induced map on tangent spaces 
dCi : g = Ti{G) —)■ To(g) = g is the identity map. 

(b) Let F^/F be a held extension. Then a quasi-logarithm £ : G —)■ g induces a 

quasi-logarithm Cpb : Gpt, —)■ Qpb. Conversely, a quasi-logarithm : Gpb Qpb 
induces a quasi-logarithm : R^b/p’(G^b) —?■ = g ®p F^. 

(c) Since C is Ad G-equivariant, it induces a morphism [£] : cg —)■ Cg of the 
corresponding Chevalley spaces (compare |KV2[ 5.2]). 


C.2. Quasi-logarithms defined over O. Let F be a local non-archimedean held 
of residual characteristic p. 

(a) Assume that G is split over F. Then the Chevalley spaces Cq and Cg have 
natural structures over O. In this case, we say that a quasi-logarithm £ ; G — g 
is defined over O, if the corresponding map [£] is dehned over O (compare |KV2( 
5.2]). Note that by [KV2( Lem 5.2.1] this notion is equivalent to the corresponding 
notion of |KV 11 1 . 8 . 8 ]. 

(b) For an arbitrary G, we say that £ : G —g is dehned over O, if Cpb is dehned 
over Opb for some or, equivalently, every splitting held of G. 

(c) Let FQF be a hnite Galois extension, and let £^ : Gp^b —)■ g^b be a quasi¬ 
logarithm dehned over Opb. Then the quasi-logarithm R^yp.(£'’) fsee lC.lf bA is also 
dehned over O. 

(d) In the situation of (c), assume that [F^ : F] is prime to p. Then the composi¬ 
tion 


£ : G Rpb /p G 


pb 




g F*' 


1 Tr 

[F^:F] F^/F 


9 


is a quasi-logarithm dehned over O. 


Lemma C.3. Assume that G is semisimple and simply connected and p is very 
good for G fsee \8.9\) . Then G admits a quasi-logarithm defined over O. 

Proof, (compare |KV1( Lem 1.8.12]). Assume that G = niR-Ui/uHj as in 18.91 By 
IC.2f c). we can replace G by Hj, thus assuming that G is absolutely simple. Using 
|KV1] Lem 1.8.9], we can replace G by its quasi-split inner form. Since p is good, 
G splits over a tamely ramihed extension. Hence, using IC.2f dL we may extend 
scalars to the splitting held of G, thus assuming that G is split. In this case, the 
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assertion was shown in [KVH Lem 1.8.12], using the fact that G has a faithful 
representation, whose Killing form is non-degenerate over O. Namely, one uses the 
standard representation, if G is classical, and the adjoint representation, if G is 
exceptional. □ 

Lemma C.4. Let G be semi-simple and simply connected, p 7 ^ 2, and let C : G ^ q 
be a quasi-logarithm defined over O. Then for every x E X and r E M>o, C induces 
analytic isomorphisms Cr ■ Gr+ ^ 0r+ and Cx,r '■ Gx,r+ ^ 0a:,r+ ■ 

Proof. Assume hrst that G is split. The assertion for r = 0 was shown in |KV11 Prop 
1.8.16]. Next we show that C induces an analytic isomorphism Cx,r '■ Gx,r+ 0x,r+ 
when X E X is a hyperspecial vertex and r = n E "L. In this case, Gx,r+ = G^^n+i 
and Qx,r+ = 0 x,n+i; SO we have to show that C induces an analytic isomorphism 
Gx,n-ei ^ 0x,n+i- This is easy and it was shown in the course of the proof of [KVll 
Prop 1.8.16]. We are going to deduce the general case from the particular case, 
shown above. 

Let F'^/F be a hnite Galois extension of ramihcation degree e, and set r^ := er, 
P'' := Ga\{F'^/F) and G'’ := G^b. Then C induces a quasi-logarithm := Cpb : 
G^ —>■ 0 ^, which is P*'-equivariant and dehned over Opb. Moreover, since G is semi¬ 
simple and simply connected, we have = G fsee 13.71) . thus Gxp+ = (C^^pb)+)^ 

and 0,^,,^+ = (0i,_(^b)+)^^ (see Lemma ElS]). 

Note that the assertion for and r^ implies that for C and r. Indeed, if in¬ 
duces an isomorphism then it is automatically P'’-equivariant, thus induces an 

isomorphism Cx,r '■= of Galois invariants. Therefore C induces a morphism 

Cr ■ Gr+ —)■ 0r+, wliich is surjective, because each Cxp is surjective, and injective, 
because is injective. Thus we can replace F by F'’, G by G^, and r by rh 
Now the assertion is easy. Indeed, choosing F*' to be a splitting held of G, we can 
assume that G is split. Since £0 is injective, it is enough to show that C induces an 
isomorphism Cxp- Observe that both Gxp+ and 0a;,r+ do not change if we replace 
pair (x, r) by a close pair (x',r'). Thus we may assume that r E and x is a 

hyperspecial vertex of [A’m(G)] for some m. 

Ghoose a hnite extension F*' of F of ramihcation degree m. Thus, r^ = mr E K 
and X is a hyperspecial vertex of [A’m(G)] C [A’(G'')]. Hence the assertion for £^j,b, 
shown in the hrst paragraph of the proof, implies the assertion for Cxp- □ 

Reeerences 

[Ad] J. Adler, Refined anisotropic K-types and supercuspidal representations, Pacific J. Math. 185 
(1998) 1-32. 











40 


ROMAN BEZRUKAVNIKOV, DAVID KAZHDAN, AND YAKOV VARSHAVSKY 


[ADB] J. Adler and S. DeBacker, Some applications of Bruhat-Tits theory to harmonic analysis 
on the Lie algebra of a reductive p-adic group, Michigan Math. J. 50 (2002) 263-286. 

[Be] J. Bernstein, Representation of p-adic groups, Harvard notes by K. Rumelhart, 1992, avaliable 
at http://www.math.tan.ac.il/~bernstei/ 

[BD] J. Bernstein, Le “centre” de Bernstein, Edited by P. Deligne, in Representations of reductive 
groups over a local field, 1-32, Hermann, Paris, 1984. 

[BKV] R. Bezrukavnikov, D. Kazhdan and Y. Varshavsky, A categorical approach to the stable 
center conjecture, Asterisque 369 (2015) 27-97. 

[Bol] A. Borel, Admissible representations of a semi-simple group over a local field with vectors 
fixed under an Iwahori subgroup. Invent. Math. 35 (1976) 233-259. 

[Bo2] A. Borel, Linear algebraic groups. Second edition, Graduate Texts in Mathematics 126, 
Springer-Verlag, New York, 1991. 

[BW] A. Borel and N. Wallach, Continuous cohomology, discrete subgroups, and representations 
of reductive groups. Second edition, American Mathematical Society, Providence, Rl, 2000. 

[BTl] F. Bruhat and J. Tits, Croupes reductifs sur un corps local, I, Inst. Hautes Etudes Sci. 
Publ. Math. 41 (1972) 5-251. 

[BT2] F. Bruhat and J. Tits, Croupes reductifs sur un corps local, II, Inst. Hautes Etudes Sci. 
Publ. Math. 60 (1984) 197-376. 

[Ca] W. Casselman, Introduction to the theory of admissible representations of p-adic reductive 
groups, preprint, avalaible at http://www.math.ubc.ca/~cass/research/pdf/p-adic-book.pdf 

[Cu] C. Curtis, Representations of finite groups of Lie type. Bull. Amer. Math. Soc. 1 (1979) 
721-757. 

[DB] S. DeBacker, Some applications of Bruhat-Tits theory to harmonic analysis on a reductive 
p-adic group, Michigan Math. J. 50 (2002) 241-261. 

[HR] T. Haines and M. Rapoport, On parahoric subgroups, Adv. Math. 219 (2008), 188-198. 

[KP] D. Kazhdan and A. Polishchuk, Generalization of a theorem of Waldspurger to nice repre¬ 
sentations, in The orbit method in geometry and physics, (Marseille, 2000), 197-242, Progr. 
Math. 213, Birkhauser Boston, Boston, MA, 2003. 

[KVl] D. Kazhdan and Y. Varshavsky, Endoscopic decomposition of certain depth zero represen¬ 
tations, in Studies in Lie theory, 223-301, Progr. Math. 243, Birkhauser, Boston, 2006. 

[KV21 D. Kazhdan and Y. Varshavsky, On endoscopic transfer of Deliqne-Lusztiq functions, Duke 
Math. J. 161 (2012) 675-732. 

[KV3] D. Kazhdan and Y. Varshavsky, Geometric approach to parabolic induction, 
arXiv:1504.07859, 

[Ko] R. Kottwitz, Isocrystals with additional structure, II, Compos. Math. 109 (1997) 255-339. 

[La] E. Landvogt, A compactification of the Bruhat-Tits building. Lecture Notes in Mathematics, 
1619, Springer-Verlag, Berlin, 1996. 

[MS] R. Meyer and M. Solleveld, Resolutions for representations of reductive p-adic groups via 
their buildings, J. Reine Angew. Math. 647 (2010) 115-150. 

[MPl] A. Moy and G. Prasad, Unrefined minimal K-types for p-adic groups. Invent. Math. 116 
(1994) 393-408. 

[MP2] A. Moy and G. Prasad, Jacquet functors and unrefined minimal K-types, Comment. Math. 
Helv. 71 (1996) 98-121. 

[PIR] V. Platonov and A. Rapinchuk, Algebraic groups and number theory. Pure and Applied 
Mathematics 139, Academic Press, Inc., Boston, MA, 1994. 



ON THE DEPTH r BERNSTEIN PROJECTOR 


41 


[PrR] G. Prasad and M. Raghunathan, Topological central extensions of semisimple groups over 
local fields, Ann. of Math. (2) 119 (1984) 143-201. 

[SS] P. Schneider and U. Stuhler, Representation theory and sheaves on the Bruhat-Tits building, 

Inst. Hautes Etudes Sci. Publ. Math. 85 (1997) 97-191. 

[Ti] J. Tits, Reductive groups over local fields, in Automorphic forms, representations and L- 
functions. Part 1, pp. 29-69, Proc. Sympos. Pure Math., XXXIII, Amer. Math. Soc., Provi¬ 
dence, R.I., 1979. 

[Vi] M.-F. Vigneras, Cohomology of sheaves on the building and R-representations, Invent. Math. 

127 (1997) 349-373. 

[Wa] J.-L. Waldspurger, Le lemme fondamental impligue le transfert. Comp. Math. 105 (1997) 
153-236. 

Department of Mathematics, Massachusetts Institute of Technology, 77 Mas¬ 
sachusetts Avenue, Cambridge, MA 02139, USA 

E-mail address: bezrukav@math.mit.edu 

Institute of Mathematics, The Hebrew University of Jerusalem, Givat-Ram, Jerusalem, 
91904,Israel 

E-mail address: kazhdan@math.huji.ac.il 

Institute of Mathematics, The Hebrew University of Jerusalem, Givat-Ram, Jerusalem, 
91904,Israel 

E-mail address: vyakov@math.huji.ac.il 



